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Chapter 1

Introduction

One of the basic problems of sieve theory - and the problem that this thesis will be focused on -
may be phrased as follows. Let A be a set of integers, typically an interval, let P = {py, ..., pr} be
a collection of primes, and let P be the product of the primes in P. Choose a congruence class ¢;
modulo each prime p;, and define the sifted set S(A, P, (¢;)i=1,...k) to be the collection integers in

the set A which are not congruent to any ¢; modulo the corresponding prime p;, that is,
S(A,P,(¢ci)i=1,. k) ={ac A|Vi<k, a#c¢ (modp;)}.

Sometimes we write S(A,P) for the above when the ¢; are all 0, or when their values are irrelevant

to the argument.

Problem 1. Given A C N and P = {p1,...,pr} a set of primes, what are the best possible upper

and lower bounds on |S(A, P, (¢;)i=1,....x)| if the congruence classes ¢; (mod p;) are unknown?

If P = P, is the collection of all the primes below z, every ¢; is chosen to be 0 modulo p;, and
A is taken to be an interval with endpoints between between z and 22, then this gives upper and
lower bounds on the number of primes in A.

More generally, we may consider choosing several congruence classes modulo each prime, say &,
congruence classes modulo p - in this case, the average number of congruence classes to be chosen is
referred to as the sifting dimension, and we will call this average value k. When the sifting dimension
% is 2 and the congruence classes chosen modulo each prime p; are 0 and 2, we see that sufficiently

strong bounds for this problem might imply the twin prime conjecture.

Problem 2. Given A C N, and P = {kp, ‘D1, ..., kp, - Di} & weighted set of primes with weights x,,,
what are the best possible upper and lower bounds on |S(A, P, (ci,;)i<k,j<x,, )| if the congruence

classes ¢; ; (mod p;) are unknown?
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For simplicity, we will often focus on the case k = 1, where we choose one congruence class
modulo each prime. In this case, by the Chinese Remainder Theorem we may replace the choice of
the congruence classes ¢; by an overall shift ¢ modulo P, so that we want to find upper and lower
bounds on the size of the set S(A — ¢, P) of integers in A — ¢ which are relatively prime to P.

In the rest of this section, I’ll describe several approaches towards solving this problem.

The linear approach

The most direct approach is to define a set A4 for every number d dividing P which consists of the
integers n in A such that d divides n—c, and to define a variable a4 and to be the number of integers
n in A such that ged(n — ¢, P) = d. Then (in the case that A is an interval) we see what upper and

lower bounds on a; = S(A — ¢, P) can be deduced from the collection of linear inequalities

14]
d

AV < g <

P +1, |A4 = Zak, arp > 0.

dlk

By summing these inequalities after multiplying them by certain carefully chosen sieve weights Ay,
we can produce upper and lower bounds on |S(A — ¢, P)|. This approach may be viewed as a linear
relaxation of the original problem.

More generally, for any fixed value of k, if we take |A| = 2°, with s a constant greater than 1
and z going to infinity, we can ask for the asymptotically optimal bounds coming from the system

of linear inequalities
14| = n(@) 4] < w(a), (L.1)

where £(d) = ][4 kp- Define sifting functions f.(s), Fi(s) by

(1t o) (A T] (1 - ) < S(AP) < (14 o) E()IAI] (1 . *;) |

<z p p<z

with f.(s) as large as possible (resp. Fi(s) as small as possible) given that the above inequality
holds for all choices of weighted sets A satisfying (1.1). Selberg, in his Lectures on Sieves [28], has

shown the following.

Theorem 1 (Selberg [28]). The optimal sifting functions f.(s), F.(s) continuous, monotone, and

computable for s > 1, and they tend to 1 exponentially as s goes to infinity.

What’s more, Selberg has outlined an algorithm to compute f,(s), Fi(s) to any desired accuracy
in [28]. Despite this, as far as I am aware no one has ever implemented this algorithm, and even
the value of F(2) is unknown for any x other than k = %, 1 (although there are of course upper
bounds). T’'ve described this algorithm in Chapter @
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There are two simple but effective methods for producing bounds on the sifting functions fy, Fj.

The first method, known as Buchstab iteration, is based on the identity

S(A,P) =S(APL) — Y S(A4,Pp)

w<p<z

which holds for any w < z. Thus, given an upper bound for |S(4,P,)| and lower bounds for
|S(Ap, Pp)|, we can find an upper bound for S(A,P,). Iterating this strategy, one obtains the (-
sieve. The second basic method, the Selberg upper bound sieve, restricts attention to choices of

sieve weights \g such that there exist weights ¢4 with

> xa= 0t

dlk dlk

in order to make it easy to check that Zd‘k Ad > 0. Although the resulting upper bound on F(s) is
not always optimal (it is known that the S-sieve outperforms the Selberg sieve when s is very large,
and the f-sieve weights are not of this form), it is easy to compute the Selberg sieve bound, and this
bound appears to be nearly optimal when s is small and & is large. When s = 2, Selberg’s upper
bound sieve gives the bound F(2) < e"*T'(k + 1), where 7 is the Euler-Mascheroni constant.

A good measure of the success of a sieve is whether it can prove nontrivial lower bounds for the
size of the set |S(A4,P.)|. The sifting limit B, is defined by

Br = inf{s | fu(s) > 0},

and our goal is generally to show that the sifting limit is as small as possible. It is known that
5% = 1,81 = 2, and that 5, < 2k for % < k < 1, and it seems to be the case that the value of f is
given by the S-sieve in this range. When « is very large, the best known bound for 3, is given by

variants of Selberg’s lower bound sieve, the basic form of which is given by choosing A4 such that

Sa=01-S1)(> W’

dlk plk dlk

there exist weights £4 with

and Selberg [28] gets the following bound.
Theorem 2 (Selberg [28]). B, < 2k + 0.4454 for k sufficiently large.

It is currently not known whether there is any « > 1 with 5, < 2x. Based on an analysis of a
simplified version of the sifting problem, described later, I've found an approach which seems likely

to prove a bound of the following form.
Conjecture 1. There is some € > 0 such that 8, < 2k — e/k for all x sufficiently large.

Selberg [28] has also suggested a refinement of the linear relaxation approach, in which we replace
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the interval A with a weighted interval, such that the weights are a smooth approximation to the
indicator function of A. The idea is to take advantage of the fact that the Fourier transform of
a smooth function decays more quickly than the Fourier transform of a step function, ultimately

leading to better error terms in the analysis. We’ll explore this refinement in Section [3.2.2

The Fourier transform approach

A second approach to the basic sifting problem, known as the large sieve (see Montgomery [25]),
involves studying the Fourier transform of the set S(A — ¢, P), considered as a subset of Z/PZ. One
shows that if this set is too large then the Fourier transform has many large values at a collection
of points ai,...,ay € R/Z, which are well spaced in the sense that the distance between any two
of them is at least 0 for some § > 0. One then shows that this contradicts an upper bound on the
operator norm of a matrix associated to the Fourier transform at these points. The relevant matrix
has the form NI+ .S, where [ is the identity matrix and S is a symmetric matrix whose 4, j entry is
sinTN (o, — )

Sij =
e sinm(a; — aj)

when i # j, and with S; ; = 0. One version of the main result is the operator norm bound

151 <

SRS

Note that this bound is equivalent to the positive semidefiniteness of the matrices %I -5, %I +S.
Kobayashi [20] and Motohashi [26] have shown that one can combine the approaches of the
Selberg sieve and the large sieve, using the Selberg sieve to get a main term and the large sieve to

get a good bound on the error term.

1.1 Jacobsthal function

Definition 1. The Jacobsthal function j(m) is defined to be the minimum n such that among any

n consecutive integers, at least one of them is relatively prime to m.

We are mostly interested in j(P,), where P, is the product of the primes below z. The best

known asymptotic bounds on j(P,) are summarized below.

Theorem 3 ([14], [7]). We have

zlog(z) log(log(log(z)))
log(log(2))

< j(P,) < 22

Now we’ll go over some numerical computations. To simplify notation, we’ll follow Hagedorn [9]
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and define a function h(n) by
h(n) =j(p1---pn),

where p1, ..., p, are the first n primes. Hagedorn [9] has computed the value of h(n) for n < 49.
More recently, Ziller and Morack [33] have extended this computation to n < 54.

The next table summarizes my own numerical bounds on h(n) a few values from [9] and [33] for
comparison. The upper bounds were computed by a branch-and-bound brute force search, while the
lower bounds were found by simulated annealing. All the computations were done on my laptop,

and I didn’t spend too much time trying to get good bounds.

n prn | lower bound on h(n) | upper bound on h(n)
45 197 642 642
50 229 762 762
55 257 860 980
60 281 874 1180
65 313 1002 1380
70 349 1070 1630
75 | 379 1220 1880
100 | 541 1872 3350
150 | 863 3134 7900
200 | 1223 4208 15800

In Corollary [9] I prove the explicit bound
§(Pygr0) < 2-108,

It seems plausible that if one pushed some of the numerical methods in this thesis to their limits,
one might be able to prove that for all sufficiently large z we have j(P,) < %. This sort of bound

has a connection with Dirichlet’s theorem on primes in progressions.

Proposition 1. Suppose that for some constant C we have j(P,) < % for all sufficiently large z.
Then for any a,b € N with ged(a,b) = 1 and a < C, the arithmetic progression {an +0b | n € N}

contains infinitely many primes.

Proof. Let z be large, and write P, = P,/ ged(a, P,). Since by definition of P, we have ged(a, P}) =
1, there exists @ € Z such that @a = 1 (mod P.). Then for an + b € [z, 22%), we have an + b prime if
and only if ged(n + @b, P,) = 1 (since no prime dividing a can divide an 4+ b). So we just need to
show that there is at least one n € [(z —b)/a, (22 — b)/a) with ged(n + @b, P.) = 1. This will be true
so long as we have

22—b z-b z(z-1)

i(P) < - = .
J(P) P o o
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Since j(P.) < j(P,) < %, for sufficiently large z this will follow from a < C. O

Along these lines, the following explicit bound of Linnik is known.

Theorem 4 (Linnik’s Theorem [21], [22], [11], [32]). There exists a constant L such that for any
a,b € N with ged(a,b) = 1 and b < a, the arithmetic progression an + b contains a prime p with
P KL al.

The smallest possible choice for L in Linnik’s Theorem is known as Linnik’s constant, and the
current best bound for L is L < 5, due to Xylouris [32]. The connection with the Jacobsthal function

is as follows.
Proposition 2 (Kanold [17], [18], [30]). If j(P.) < 2%, then Linnik’s constant L is at most 2.

Since the fact that Linnik’s constant is finite seems to be rather deep (relying on results about
Siegel zeros), it seems unlikely that one may easily show a bound like j(P.) < 22~¢. However, there
is no reason to expect it to be impossible to show a bound like j(P,) < @. Such a bound would

give a new type of proof of Dirichlet’s theorem on primes in progressions.

1.2 Simple ways to construct sieves

The simplest sieves are the combinatorial sieves. They are based on the following result.

Proposition 3. Suppose that A\q satisfy \y = 1, and for any d | P, and any prime p < z which is

smaller than all the prime factors of d we have
g + )\pd <0. (C)

Then

S(A,z) =) AalAdl.
d| P

Similarly, if for all such d,p we have Ag + Apa = 0, then S(A,2) < 35 p. AalAdl-

Proof. We just need to show that for any n | P, with n # 1, we have

Z g <0.
d|n
Let p be the least prime dividing n. Then by , we have

Z)\d: Z Ad + Apg < 0.
d|n

d|n/p

The upper-bound case is similar. O
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Definition 2. Any collection of sieve weights A satisfying the assumptions of Proposition [3]is called

a combinatorial sieve.

Combinatorial sieves are closely connected to Buchstab iteration, which is based on repeated

applications of the following identity.

Proposition 4 (Buchstab’s identity). For w < z we have

S(A,z) =S(A,w)— > S(Ap,p).

w<p<z
Another simple type of sieve is the Selberg upper bound sieve.

Proposition 5. Let {4 be any collection of real numbers with 1 = 1. Then

S(A,Z) < Z €d1£d2|A[d1,d2]|7
dy,d2| P

where [dy, ds] is the least common multiple of di and ds.

Proof. We just have to show that for any n | P,, we have

Z lg,la, > 0.

[d1,d2]|n

This follows from the fact that the left hand side is equal to

().

d|n
which is clearly at least 0. O

Finally, I’ll describe a simple way to construct iteration rules which are useful for improving the

bounds in sieves of higher dimension.

Proposition 6. Let Ay, ..., A, be real numbers with \g = 1, such that when we define the polynomial

n
o) =D <k)
k
we have 6(n) <0 for n € N*. Then for w < z, we have

S(A,2) > SAw)+ A1 Y S(Ap,w)+-+ A, > S(Ap,..p,, W)

w<p1<z Wpp < <p1<z

Similarly, we have the reverse inequality if the Aps are chosen such that 6(n) >0 for alln € N.
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1.3 New approaches explored in this thesis

Approximation algorithm perspective

As a computational problem, determining whether there exists a shift ¢ such that |S(A — ¢, P)| is
greater than a given value (given sets A and P as input) is in the complexity class NP, since we can
compute the size of |S(A — ¢, P)| quickly for any given value of ¢. As we will see in Chapter [2] this
problem is in fact NP-complete.

Determining the maximum and minimum values of |S(A — ¢, P)| can be viewed as a combinato-
rial optimization problem, and we can ask whether there are approximation algorithms which can
efficiently compute upper and lower bounds which have the right order of magnitude. For instance,
we can put this problem into the form of a zero-one linear programming problem as follows: for each
prime p € P, and for each congruence class ¢ modulo p, we can introduce a variable z,; € {0,1}
which is 1 if we take ¢ = 4 (mod p) and 0 otherwise. Additionally, for each i € A we introduce a

variable y; € {0,1} which is 1 if ¢ — ¢ is relatively prime to P. Then we have the linear constraints

p—1
E Tpi = 1
=0

for each p € P, and
1= 2g; Sy S 1—ap,
q€P

for each i € A and p € P, and our goal is to either maximize or minimize the quantity »,_ , y;. One
natural way to approach such problems is to find a tractable relaxzation of the problem - that is, to
drop some of the constraints to produce a new problem which can be solved efficiently. In the case
of zero-one linear programming, a standard relaxation is the linear relazation, in which we replace
the constraint that all the variables are in {0,1} with the constraint that all the variables are in
[0,1]. In this case, it is easy to see that the standard linear relaxation doesn’t buy us much when
ZpE'P % gets large, so it is natural to introduce new variables x4; for d dividing P with 4, = 1
when ¢ — ¢ is a multiple of d. The linear relaxation hierarchies in the literature on zero-one linear
programming take an approach like this, in which one considers the collection of variables x4; with
d having a bounded number of prime factors, but in this case we get better bounds by considering
the collection of variables x4 ; with d bounded by a fixed power of |A|. Not only does this recover the
first approach to the basic sifting problem described above, including Selberg’s idea of smoothing the
interval before applying the sieve, it also introduces a new possibility: sieve weights which depend
on both the divisors of an element of A — ¢ and on the relative position of that element within the
interval.

A more advanced relaxation deserves mention, although I won’t explore it in much detail in this

thesis. This is the semidefinite relazation, in which instead of replacing our 0,1 variables with real
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numbers in [0, 1], we replace them by vectors, and replace our constraints with linear constraints on
the sizes of the (squared) norms and dot products between these vectors. The semidefinite relaxation
is a general technique for constructing approximation algorithms to combinatorial optimization
problems which is conjectured to be best possible in the case of constraint satisfaction problems
(the conjecture is known to be true conditional on the Unique Games Conjecture, by a result of
Raghavendra [27]). Another way of describing semidefinite programming is that it finds the best
possible way to combine weighted sums of linear inequalities with the fact that certain matrices are
positive semidefinite in order to get bounds, using the fact that the space of positive semidefinite
matrices is convex. Since all known approaches to the basic sieve theory problem can be seen as
consequences of linear inequalities and the fact that certain matrices are positive semidefinite, the
corresponding semidefinite program unifies previous approaches and, with luck, might outperform
them.

Sieves built using iterations

I've been able to get improved bounds on the sifting functions f, F); when « is slightly greater than
1 by using a new combinatorial method based on variations of Buchstab iteration. The simplest

example is an upper bound iteration.

Theorem 5. For w < z, we have

S(AP) S SAPD) 3 3 SApP)+g Y S Pu)

w<p<z w<g<p<z

. . . . k k k

The proof of this boils down to the easy inequality 0 <1—2k+1(5) = (1—-£)(1— %) for k € N.
Such an inequality will not be produced using Selberg’s A% upper bound sieve, for the simple reason
that the polynomial 1 — %k: + %(g) can’t even be written as a positive linear combination of squares
of real valued polynomials, since it takes negative values when 2 < k < 3. There is a similar but
more complicated lower bound iteration rule based on the polynomial (1 — k)(1 — £)(1 — %), which
is <0 for k € NT.

The nice thing about this iteration rule is that when the sifting dimension « is 1, and when we
take w = ‘%‘, then in the range % < s < 3 the upper bound this produces for Fj(s) is actually
equal to F(s), there is no loss. As we increase the dimension k past 1, this iteration rule starts
to outperform Buchstab iteration, although the best choice for w changes with k. It’s curious that
this iteration rule starts to break down at s = g - my suspicion is that a similar iteration rule exists
g, and that in fact an infinite sequence of such iteration

rules can be found, such that their limit describes an upper bound sieve which gives a better upper

which works best in the range % < s <

bound for F,;(2) than the Selberg sieve. Preliminary calculations indicate that the third iteration

rule in this sequence might already do the job.
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When the sifting dimension is slightly greater than 1, the current state of the art is obtained by
applying Buchstab iteration to the Selberg sieve, and is known as the Diamond-Halberstam-Richert
sieve (see [3]). Based on numerical calculations, when « = 2, the generalized sifting iteration
rule described above can be used to improve on the Diamond-Halberstam-Richert sieve by a small

amount. The more complicated lower bound iteration rule can then be used to improve on it further.

Selberg’s model problem.

A second approach, applicable to the case in which the sifting dimension « is very large, is based on
a model problem of Selberg, described in [28], in which one assumes that all primes in P have the

roughly the same size (for instance, they might be in a dyadic interval). In this case, there are only

by

pEP

two important parameters: the first is

loglAIJ
logp

which behaves like the parameter s. Sieve weights now depend only on the number of prime factors

which behaves like the dimension & in the usual sifting problem, and the second is R = minyep|

and not on the sizes of the prime factors, and a lower bound sieve now corresponds to a collection

of sieve weights A, ..., A\g such that Ay = 1 and such that the polynomial 6(n) given by

0(n) = XR: py (’Z)

i=0
has 0(n) < 0 for every strictly positive integer n. Our goal is to maximize the quantity

R
o™ » o™

Z H(n)ﬁ =e Z )\"H'

n>0 n=0
In particular, we are interested in whether we can ever make this greater than 0. Thus we define vy
to be the largest value of v such that the above can be taken to be greater than 0.

Unexpectedly, one finds that when x and R are both large, the asymptotic bounds we get on the
ratios Uﬂ and 2= using various sifting approaches in the model problem and in the standard sifting
R K

problem are the same. For instance, the analogue of the S-sieve in the model problem is to take

Ai = (1) for i <2[£-1]| + 1, and using this sieve one gets the bound

lim sup E <c=3.591...,
R—oo UR

where c is defined by ce“t! = 1. This same constant shows up as the asymptotic upper bound for

% which is derived from the S-sieve. The analogue of the Selberg lower bound sieve in the model

problem is given by taking 6(n) = (1 — n)p(n)? for some polynomial p(n), and on choosing the
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optimal p(n) Selberg [28] gets the following bound.

Theorem 6 (Selberg [28]). With notation as above, we have

vp > |8

fel 2 )

so limsupp_, o % <2.

Selberg raised the question of whether the Selberg lower bound sieve gives asymptotically optimal
results in this model problem as the sifting dimension goes to infinity. Recently, I found a simple proof

of this, based on bounding a quadratic form associated to polynomials of the form (1—n)p(n)p(n—1).

Theorem 7. In the case of the model problem, Selberg’s lower bound sieve is asymptotically optimal

as v and R go to infinity, that is,

From this, one can improve a lower bound Selberg gave for the sifting limit 5, by a factor of 2.
Corollary 1. 8, > (1+0(1))2

On the other hand, there are lower order improvements that can still be made to the Selberg
lower bound sieve in the model problem. A careful (and much more difficult) analysis shows that in

fact we have the following bound.
Theorem 8. vy > & + Q(VR).

The corresponding sieve is approximately of the form

9( 1 - n H 21_:,_1 ﬁ) ~p(n)2,

=1
for some polynomial p(n) with p(0) = 1.
This suggests a strategy for finding a (lower order) improvement to the Selberg lower bound sieve
in the standard sifting problem, and I expect that this method should allow one to show that when

the sifting dimension is sufficiently high, the sifting limit 8, is strictly less than twice the sifting

dimension.



Chapter 2

Computational aspects of sieving

2.1 Shifted Sifting and Transverse Partition Cover

The following problem seems like a natural generalization of the Jacobsthal problem, and seems to

capture the spirit of the type of sieve theory I like.

Problem 3 (Shifted Sifting). Given a finite set A C Z and a finite set P of primes, determine if
there exists a constant ¢ € Z such that each element of A + ¢ is a multiple of at least one prime in

P.

In the case A is an interval, we recover the Jacobsthal problem. If A is the set of numbers of
the form n(n + 2) for n € [2,22 — 2] and P is the set of primes below 2, then a negative answer to
this question (for infinitely many z) implies the twin prime conjecture (and in fact would be a much
stronger claim than the twin prime conjecture).

This is a decision problem, and since ¢ can be assumed to be between 0 and HpeP p, the size of
a “witness” is polynomial in the size of the input, so this decision problem is in NP. In order to
prove N P-completeness, we first show that this is equivalent to a variant of set cover which has no

direct relationship to number theory.

Problem 4 (Transverse Partition Cover). Given a finite set A and a finite set P = {Py, ..., P;} of
partitions of A, determine if there is a way to choose one part A; of each partition P; such that
AiU---UA, = A.

Proposition 7. Every instance (A, P) of Shifted Sifting can be efficiently transformed to an equiv-
alent instance (A',P') of Transverse Partition Cover such that |A| = |A’| and |P| = |P'|, and
conversely every instance of Transverse Partition Cover can be efficiently transformed to an equiv-
alent instance of Shifted Sifting.

12
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Proof. Going from Shifted Sifting to Transverse Partition Cover is easy: we take A’ = A and replace
each prime p € P with a corresponding partition P of A into congruence classes modulo p. For the
reverse direction, if (A’,P’) is an instance of Transverse Partition Cover with P’ = {Py, ..., P}, we
first choose P to be a set of k primes {py, ..., pr.} such that p; > |P;| for each ¢, and fix an injection
ti » P, = Z/p;. Next we enumerate the elements of A’ as af,...,a,, and for each i < n we use a
constructive form of the Chinese Remainder Theorem to find an element a; € Z such that a; # a;
for any j < ¢ and such that for each j < k if a} € A; ; € P; then a; = ¢;(A; ;) (mod p;). Finally we
take A ={ay,...,an}. O

2.1.1 Hardness proof

Now we’ll show that the Transverse Partition Cover problem is N P-complete by finding a reduction

from Set Cover. First we state the Set Cover problem.

Problem 5 (Set Cover). Given a finite universe S, a parameter k, and a collection S = {S1, ..., Sp, }
of subsets of U, determine whether there is a subcollection C' C S with |C| = k such that (Jg ¢ Si =
U.

Theorem 9. There is a polynomial time reduction from Set Cover to Transverse Partition Cover,
taking an instance (U, k,S) of Set Cover to an instance (A, P) of Transverse Partition Cover with
|A| = |U| + k|S|, |P| = k|S|, and each element of P having size k|S| + 1. In particular, both the
Shifted Sifting problem and the Transverse Partition Cover problem are N P-complete.

Proof. Let (U, k,S) be an instance of Set Cover with |S| = m. Assume without loss of generality
that U N {1,...,k|S|} = 0 (otherwise, rename the elements of U). Take A = U U {1, ...,k|S|}. Take
P={Pys, |i<kS;cS}, with Pg, = {U\ S}, {i} US;, {1}, ..., {i}, ... {k|S|}}, where {i} means
that {¢} is omitted. O

2.1.2 Fixed Parameter Tractability

One way to distinguish difficulty levels between N P-complete problems is to study parametrized
tractability, in which we fix some parameter k associated with each instance and study how the

difficulty level grows as k increases.

Definition 3. A parametrized problem is fized parameter tractable if there is some function f and
some fixed integer d such that any instance of the problem with size n and parameter k can be
solved in time f(k)n?. The set of fixed parameter tractable problems is called FPT. If there is a
function f such that any instance with size n and parameter k can be solved in time n/(*), then we

say that our parametrized problem is in the class X P.
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There is a hierarchy of parametrized complexity classes between F'PT and X P, called the W-
hierarchy:
FPT=W[]CW[l]CW[]2]C---CW[P]C XP.

The definitions of the complexity classes W[t] are somewhat technical, and can be found in [5] (an
attempt: W[t] consists of parametrized circuit-satisfiability problems in circuits having bounded
depth and having at most ¢ gates of unbounded fan-in on any path from the inputs to the output,
in which the parameter k is the number of 1s in the desired solution). k-Vertex Cover, which asks
whether a graph has a subset of at most k vertices which meets every edge, is a standard example
of a problem in FPT. A standard example of a W[l]-hard (under FPT reductions) problem is
k-Clique.

One reason to believe that Transverse Partition Cover may be “easier” in some sense than Set
Cover is that, while k-Set Cover (where the parameter is the number of sets in our cover) is W/[2]-
hard, Transverse Partition Cover is fixed-parameter tractable if the parameter is taken to be the

number of partitions.
Theorem 10. An instance (A, P) with P = {Py, ..., Py} can be solved in time O((k!)?|A]).

Proof. Suppose that there is a choice of parts A; € P; such that A; U---U Ay, = A. Then there
must be some i; < k such that |4, | > 1|A|. For each partition P;, the number of parts of P;
of size at least %|A\ as at most k. Thus the number of possible choices for any part A; of any
partition P; which has size at least +|A| is at most k?. Searching over all possible choices for A;,,

we reduce to at most k2 instances with k£ — 1 partitions, and by induction this can be solved in time

O(k?((k — 1))?|A]) = O((k!)?] A]). -

There are other, slightly less natural choices of parameter we could make. If we take our parame-
ter to be | A, then since the problem is trivial when |P| > |A|, we see that it is again fixed-parameter
tractable. If instead we take the parameter to be the largest number of parts in any partition in
P, then it is no longer clear whether the problem is fixed-parameter tractable - but at least we can

show that it is in the complexity class X P.

Theorem 11. An instance (A, P) of Transverse Partition Cover such that each partition in P has

at most ¢ parts can be solved in time O(|A|'1°8(¢)/108(z51))

Proof. Suppose that |P| = k. If (%)k|A| < 1, then a greedy strategy covers A. Otherwise, we have

k< llos((ﬂ)), so a brute force search can be carried out in time proportional to
c—1

c

Ck|A| < Clog(\A\)/log(c,1)|A‘ _ |A|1+log(c)/10g(cil). .
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2.2 Approximation Algorithms?

The most straightforward approximation variant of the Transverse Partition Cover problem is the

following.

Problem 6. Given a set A and a collection of partitions P = {P,..., P} of A, how well can we
approximate

max A1 U--- U Ag|?
ALEP;,.. . ALEP,

The following variant is likely to be much harder, but is closer to the questions we ask in sieve

theory.

Problem 7. Given a set A and a collection of partitions P = { P, ..., P} of A, how well can we

approximate

AN (A U---UA|?
aepax AN (A o)l

If we forget that the P;s have to be partitions and allow them to be arbitrary collections of

subsets, we have the following result.

Theorem 12 ([2], [6]). Given a set A and a collection of collections of subsets B = {Bi, ..., B} of

A, there is a randomized polynomial time algorithm which can approximate the quantity

max A1 U--- U Ag|
A1€By,... A EBy
to within a factor of 1 — i —o(l). If P# NP, then 1 — i is the best possible approximation ratio

for any polynomial time approximation algorithm.

In light of the fact that restricting to the case of partitions makes the problem fixed parameter
tractable, it seems reasonable to hope that there may be better approximation algorithms in this
case. If this restriction is not enough, we can introduce further restrictions that tend to show up in

sieve theory, such as the following.

Definition 4. We say that a collection of partitions P = {P,..., P} of A is almost orthogonal if
for any iy <--- <i; and any A;, € P, ..., A;; € P;; we have
A A

|Ailﬁ"'ﬂf4ij— .
ATl

4] < 1.

Now we can consider the promise problem where we are given an instance (A, P) of Transverse
Partition Cover which we are promised is almost orthogonal, and we wish to approximate the

maximum or minimum size of |[A; U---U Ag| or |A\ (A1 U---U Ay)| as above.
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2.3 A difficult convex optimization problem from sieve the-
ory

Definition 5. If f(z1,...,2,) is a multivariable polynomial, we define its Newton polytope Ny to
be the convex hull of the set of exponent vectors of monomials which occur in f with a nonzero

coefficient.

Definition 6. If f(z1,...,z,) is a multivariable polynomial, we say that f is nonnegative on the
naturals if we have
flx1,yxy) >0

whenever x4, ..., x, € N. For a given finite set N C N, we define Cx to be the set of polynomials f
with Ny NN C N which are nonnegative on the naturals.

The following problem will come up naturally when we wish to compute the sifting functions

fi(8)s Fiu(s).
Problem 8. Given a finite set ' C N™ and a function ¢ : N’ — R, compute

n

— Ti\ . .
max{eezj\[ce)\e | f(Z) = g/)\e H (e¢> is nonnegative on the naturals, and A\ = 1}.

For any N' C N, the set Cyr is clearly convex. Since our goal is to optimize a linear function
over the convex set Cyr, it’s tempting to appeal to a general result of Khachiyan [I0] known as the
ellipsoid algorithm which shows that the optimum can be computed efficiently if we have access to
an oracle which can quickly determine whether or not a given f is contained in Cxr. Unfortunately,

in this case such an oracle is uncomputable!

Theorem 13. If n is sufficiently large, then there is no algorithm which determines whether a given

polynomial f € Z[xq, ..., x,] is nonnegative on the naturals.

Proof. By Matiyasevich’s resolution of Hilbert’s Tenth Problem [23], if n is sufficiently large then
there is no algorithm which determines whether a given polynomial g € Z[z1, ..., x,] ever takes the
value 0 for natural inputs 1, ..., 7,,. Now take f(x1,...,7,) = g(1,...,2,)%> — 1, and note that f is

nonnegative on the naturals if and only if g never takes the value 0 for natural inputs. O

Nevertheless, we can still approximate the answer to any given instance of Problem [§to whatever
accuracy we like. The idea is to pick some large R, and restrict our attention to polynomials
f such that whenever z1,...,x, are nonnegative real numbers with z; + --- + x, > R, we have
f(z1,...,2,) > 0 (note that there is an algorithm to test this, by Tarski’s theorem on the decidability
of real algebra [29]). Then we just have to worry about the finitely many additional constraints

flx1,...xy) >0 for a1, ...,2, € {0,..., R — 1}. This doesn’t quite solve the problem, since it isn’t
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clear how large we need to take R to be in order to get a good approximation, without having a
bound on the sizes of the Ags which occur in the optimal solution. In the cases of Problem [§ which

come up in sieve theory, we will be able to prove such bounds on the sizes of the optimal Azs (see
Proposition .

Theorem 14. For any finite N C N", any ¢c: N = N, and any s : N — R and for any ¢ > 0, we
can compute a lower bound to the answer to Problem [§ which is within € of the true answer, under

the assumption that the true answer is bounded for all ¢ in some open neighborhood of c.

Proof. Write ¢ - f for 3.\ cede when f(T) = Y o Ae[1im, (07). If there is any f € Cy with

f0) =0,|Ifll =1, and ¢- f > 0, then there is some ¢’ close to ¢ with ¢ - f > 0, and by taking a
sufficiently large multiple of f we see that the answer to Problem [§] is not bounded for this ¢’. If
there is no such f, then by a compactness argument we see that there exist finitely many points
T1,...,Tp € N such that the inequalities f(Z;) > 0 and f(0) = 0 together imply that ¢ f < 0 for
[IfIl = 1. We can find such a collection of points by exhaustive search (note that the search may
run forever if our boundedness assumption is violated), and from such a collection of points we can
compute a bound on the s in any f € Cy with f(0) =1 such that ¢- f > ¢- 1.

Let N7 consist of all @ € N™ such that we have € < € for some € € N, and let Fy, ..., F}, be
the collection of all faces of the convex hull of N7 aside from the coordinate hyperplanes. For each
F;, we let p; be the polynomial which is given by the sum of the monomials corresponding to the
elements of F; NN, and let b; be the corresponding sum of products of binomial coefficients. Choose
0 > 0 such that

lc-0(by + -+ bi)| < €/2,

and suppose that f € Cpr. Write f in the monomial basis as
f@) =) a7,
and define the weighted-homogeneous parts f; of f by

fi@) = azz".

eck;

Suppose that F; is contained in the hyperplane of € € R™ such that > jwie; = d. Then for any
A > 0 we have

FiA 21, o Apmay,) = )\dfi(acl, ey X)),

so for any nonnegative real x1, ..., z,, we have

filzy, ., x,) = /\h_)n;o AN 2 s, [ A2, |) > 0.
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Let fs = f +0(by + - + by), and note that by the definition of § we have ¢- f5 > ¢- f —€/2. By

the above, for nonnegative real vectors T we have
f5(@) > 6+ 0D 2 ")(p1(@) + - + pi(T))

where 1 > 0 only depends on N”.
Thus, given a candidate f, we can check that either f5 € Car or that f & Cxr, as follows. First
we check that we have

x>0, p,(f) =1 = fl(f> +5pi(f) > g

for each 7 - this can be done in finite time by Tarski’s theorem on the decidability of real algebra
[29]. We then find some explicit R such that whenever x4, ..., x,, are nonnegative real numbers with
1+ -+, > R, we have f5(x1,...,2,) > 0. Now we just check that f(Z) > 0 at the finitely many
points with z1,...,z, € {0,..., R — 1}.

To finish the proof, we apply the ellipsoid algorithm [I0]. O



Chapter 3

Relaxations

3.1 Usual sieve-theoretic relaxation

The standard sieve theoretic relaxation allows the set A C Z which we are interested in sifting to be
replaced with any weighted subset of Z that satisfies similar inequalities to our original set. So we
assume only that A is a weighted subset of Z, and define a weighted set A4 for every d | P which
consists of the integers n in A such that d divides n. Additionally, we define a variable a4 to be the
number of elements n in A such that ged(n, P) = d. Then we see what upper and lower bounds on

a1 = S(A,P) can be deduced from the collection of linear inequalities

k(d
Aal < "Dy 1 i),
Kk(d
Ad = "Dy ),
[Adl = ax,
dlk
ag 2 07

where & is a multiplicative function and R(d) is a small error term (usually we will take R(d) = k(d)).
By summing these inequalities after multiplying them by certain carefully chosen sieve weights Ay,
we can produce upper and lower bounds on S(A, P). In fact, if we only make the assumptions above,
then by linear programming duality the best possible upper bound we can get on S(A,P) is given

by
S(A.P) <min{ 32Dy Sy R@) | =1, va | P Y w20},

d|P d|P k|d

and the best possible lower bound is similar.

19
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Define sifting functions fy(s), Fx(s) by
0+ oA (1-2) <5042 < (1 oymoA I (1-2)

with f.(s) as large as possible (resp. Fi(s) as small as possible) given that the above inequality
holds for all choices of weighted sets A satisfying the assumptions above. Selberg, in his Lectures

on Sieves [28], has shown the following.

Theorem 15 (Selberg [28]). The optimal sifting functions f.(s), Fi.(s) continuous, monotone, and

computable for s > 1, and they tend to 1 exponentially as s goes to infinity.

What’s more, Selberg has outlined an algorithm to compute f.(s), F(s) to any desired accuracy

in [28] - I'll go over this algorithm in a later Chapter @

3.2 Detailed linear relaxation

3.2.1 Grids of sieve weights
Proposition 8. If m,n are coprime natural numbers and a € 7, then for any ¢ € Z we have
n—1
| (mod m) — Z 1cEa+km (mod mn)-

k=0

Theorem 16. Suppose that A C Z is a finite set and A, q are real numbers for d | P, satisfying the

following conditions.
o All but finitely many of the Ay 4s are 0.
o For each a € Z, we have A\g1 < 1gea.

e For each a € Z and each d | P, with d > 1, we have

Z )\a,k: <0.

k|d

e For each c € Z, we have

Z Z)‘aﬁdlcza (mod d) = 1.

d|P, a€Z

Then for any c € Z we have
S(A+cz) > 1
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Conversely, if S(A+ c¢,z) > 1 for all ¢ € Z, then a collection of real numbers A, q satisfying the

above properties exists.

Proof. If there are such A, 4, then for any ¢ € Z, we have

1= Z Z )\a,dld\afc

d|P, a€Z

“Y Y

a€Zd|(P;,a—c)

S Z Aa,l

a€Z
(Pz,a—c)=1

<S(A-g¢2).

For the converse direction, we consider the set C of tuples of real numbers (24,4, Ya,d)d|P.,acz/P.
which satisfy the following constraints:

e For any m,n with mn | P., we have Zq m = > p_o Tatkm,mns

® Tod = Tatd,d>

e o1 =1,

® Ta,d = Zd|k|Pz Ya,ks

® Ygq >0,

and we attempt to minimize the quantity

Z Ya,1

ac€A

over the set C. To any element (24,4, Ya,d)d| P, acz/p, Of C We can associate a probability distribution

won Z/P,, by taking p(c) = x.,p,. Then the constraints given above imply that
P,olc=a (modd)] =244

and
PM(C)[(PZ, a — C) = d] = Ya,d-

Conversely, to any probability distribution p on Z/P,, we can associate an element of C using the

above formulas for x, 4 and y,,4. The quantity which we are trying to minimize is

Z Ya,1 = E,u(C) [S(A -G Z)}v

acA
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so the minimum value is just min.cz S(A — ¢, z). If this minimum is at least 1, then the existence of
Aa,q satisfying the conditions of the theorem follows from linear programming duality (the A, 4 are

the coefficients of the equations z, 4 = Zd‘k‘Pz Yak)- O

An easy way to guarantee that

Z)\a,k: < 0

k|d

for d | P,,d > 1 is to impose the combinatorial lower bound sieve constraint: for any a € Z, any

d | P,, and any prime p which is less than all prime factors of d, we just require
Aa,d + Aapa 0. (3.1)

A collection of weights A, g satisfying (3.1]) on top of the conditions of the previous theorem will be

called a combinatorial grid of sieve weights.

FEzample 1. We give some examples of combinatorial grids of sieve weights A, ¢ which allow us to find
some small values of the Jacobsthal function j(n). We will write out rows corresponding to small
divisors d of n, and columns corresponding to a sequence of consecutive values of a € Z, containing
an interval A of length j(n). We'll also abbreviate 1 as +, abbreviate —1 as —, and leave out Os.

For our first example, in order to see that j(6) < 4, we can use the grid

+ + + +

1
2
3 - - - - -
6|+ + + + + +

To see that Zd‘Pz > acz Aa,dle=a(mod ) = 1, we first group the six terms Mg 61c=a(mod 6) iNtO two
arithmetic progressions having common difference 2 and length 3 in order to cancel two of the terms
Aa,21le=a(mod 2)- Then we cancel two groups of three consecutive terms Mg 31.=4(mod 3) With two of
the terms Ay 11c=q(mod 1)- Finally, we cancel the remaining two terms Ay 21c=q(mod 2) With one of
the terms Aq 11c=4(mod 1) and we see that there is exactly one term Aq11c=a(mod 1) left over, making
the full sum come out to 1.

Actually, we can simplify this first example by noticing it is a blown-up version of the grid

1|+ +
30 - - -

which shows that j(3) < 2. All the remaining examples will leave out the prime 2, which can be
reintroduced by blowing up the grid in a similar way.
The next grid shows that j(105) < 5.
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1
3
5
7

+

23

Blowing this up, we see that 7(210) < 10. It’s easy to see that these bounds are sharp.
The next grid shows that j(2310) < 7.

1
3
5)
7
11
15

+

+

+

_|_

+

+

This is sharp. The next two examples will also be sharp.
This grid shows that j(3-5-7-11-13) < 11.

1
3
)
7
11

13
15

_|_

+

+

+

_|_

Finally, this grid shows that j(3-5-7-11-13-17) < 13.

1

3

5

7

11 2
13 | -

B+ + +
17

33 | + +

+ 4+ + + + + + + + o+ o+ o+

+ +
+ 4+ + 4

+
+ o+ o+ o+ o+

Searching for combinatorial grids of sieve weights with A, 4 supported on a,d < z* can be done in

polynomial time for any fixed k, using any polynomial time algorithm for linear programming. This

can be viewed as a heierarchy of linear relaxations of the shifted sifting problem. Unfortunately, I

haven’t had time to experiment with how well this performs in practice once z gets large.
The next result, when combined with the parity obstruction (see Section [8.2)), shows that we

can’t hope to find a grid of sieve weights A, 4 supported on d < 227¢ which produces any nontrivial

bounds on the Jacobsthal function.
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Proposition 9. Let A\, q satisfy the conditions of Theorem . Then if we define

1
Ad = 4] Z Aa,d

a€Z

we have A\ <1 and for any d | P, with d > 1 we have

Z)\k <0,

k|d
so the \gs define a lower bound sieve. Furthermore, we have

Ad
Y
d

so this lower bound sieve has a nontrivial main term.

3.2.2 Smoothed interval

The grids of sieve weights in the examples form the previous subsection get progressively more
complicated as z increases. In order to simplify the picture, we’ll look at grids of weights A, 4 which
factor in the form

Xa,d = I(a)Ag,

where [ is a function satisfying
0 é I(a’) S ]-aGA

and Ay is a collection of lower bound sieve weights, satisfying

> <0

k|d

for d | P,,d > 1. We also relax the condition

Z Z )‘a,dlcza (mod d) = 1

d|P, a€Z

to the weaker

Z Z Aa,dle=a (mod d) > 0,

d|P, a€Z

which is still strong enough to show that S(A + ¢, 2) > 1 for any ¢ € Z.
An equivalent way of looking at this is that we are replacing the set A by a smaller weighted set

with weights given by the function I, and applying a standard lower bound sieve to the resulting
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weighted set. Although this weighted set is smaller - causing the main term of the bound we get by
sieving to decrease - we can hope that smoothing out the set A decreases the error term. This idea
of replacing the set A by a weighted set was suggested by Selberg in section 19 of his Lectures on
Sieves [28].

Rather than searching for the optimal choice of I, we will instead focus on a specific choice in
the special case where A = [1,|A]] is an interval, which is motivated as follows. The idea is that
the main reason the error term in the size of [(A + ¢)4] is so large is that we have no idea how the
boundaries of A+ ¢ line up with the multiples of d. In order to mitigate this, we can imagine taking
the endpoints of the interval A+ ¢ and moving them inwards by a random amount between 0 and W
(where W is some fixed parameter with 2W < |A|), giving us a roughly equal chance of a favorable

error term and an unfavorable error term if W is bigger than d. This corresponds to the choice of

function
0 a<0ora>|Al+1,
= 0<a<W,
Ia)=4" -
1 W<a<|Al+1-W,

A= A 41 -W <a<|A]+ 1.

Proposition 10. If I as defined as above, then for any d € NT and any ¢ € R we have

<g{aH-7)

Al+1-W
Hﬁ _ Z I(a)
a=c (mod d)

Proof. Let f(c) be defined by

flo) = Z I(a) — \A|+;—W.

a=c (mod d)

Then f has period d, and has average value 0. The derivative of f is given by

1
f'(e) = W > (Leeraeio,afwyay — Le—rde[ Al+1-a{w/dy,|A1+1])-
kEZ

Integrating, we find that max. f(c) < min. f(c) + % {*F}. Since the average value of f is 0, we
see that max, f(c) is maximized when f takes its maximum value at as few points as possible, i.e.
when it takes its maximum value at just the points congruent to d{%} modulo d (this occurs when
|Al+1=2d{*} (mod d)). From here, it’s easy to see that

s < ()= 4o (b o) = ()
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and a similar argument shows that

R R R 14T T

Theorem 17. If the sieve weights Aq, d | P,, define a lower bound sieve and A is an interval, then
for any W < |A|/2 we have

S(A,z) > (Zij)(m F1-w) - Sl S - T
d

d

In particular, if Y, %‘i >0 and

Al = W+ ;/Zd Ad';:dvi{ - Vg}
d

then
S(A,z) > 1.

Corollary 2. If the sieve weights \q, d | P,, define a lower bound sieve with ), %‘i > 0, then

. [2-a1Aald
P < | &=dl 74T
J(p:) < 5, M

Ezample 2. In this example we will show that among any 1900 consecutive integers, at least one of
them is not a multiple of any of the first 50 primes (this is a worse bound than the one found with a
brute force search, in the table of bounds on the Jacobsthal function in the introduction). We will
treat the prime 2 seperately, so from now on I will try to prove that among any 950 consecutive odd
numbers, at least one has no prime factors less than or equal to 229.

To make the description of the sieve weights more compact, I'll define an ordering on squarefree
numbers that is weaker than ordering by size, but is stronger than ordering by divisibility. For
squarefree numbers a and b, write a = p;---p1 and b =g ---qu, with p; < -+ <p1,qe < -+ < q1.
Then I say that a < b if j < k and p; < ¢; for ¢ between 1 and j.

Now I define the set D by

D ={d | d odd, squarefree, and d <3-229ord <3-5-8Yord<5-7-31ord<7-11-13},
and take the sieve weights A4 to be the combinatorial lower bound sieve defined by

p(d) de D,
0 dé¢Db.

Ad =
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The largest element of D is 3 -5 -89 = 1335, which is a bit larger than the size of the interval I am

1
24.7993 "

So the classical sieve theoretic bound says that the number of integers relatively prime to the first

49 odd primes in an interval of length 950 is at least % — 165 = —126.6..., but since this is less

sifting. The number of elements of the set D is 165, and the sum of @ over d € D is about

than 0 this isn’t good enough.

The average size of an element of D is %, or about 307.933. If we apply the simpler bound in

Theorem |17 with W = 462, we see that among any 950 consecutive odd integers, the number that

are relatively prime to the first 50 primes is at least

950 — 462 +1 165 - 307.933
517993~ .46z~ (176

which still isn’t a good enough lower bound. Using the slightly messier bound in Theorem [I7] where

the error term coming from d is %{%}{f%}, we get the lower bound

950 — 462 41

—19.7165 = 0.00187...
517993 9.7165 = 0.00187...,

which is, at last, greater than zero.

3.3 Semidefinite relaxation and the Large Sieve

One way of motivating the semidefinite relaxation is the following generalization of the converse
direction of Theorem We consider the set C of tuples of vectors (24,4, Ya,d)d|P.,acz/p., Which

satisfy the following constraints:
e for any m,n with mn | P,, we have ||z, ,[* = > im0 | Zastjm,mn||?,
o for any d,e | P., we have T, - Ta,e = [|q,[a,¢][|?, where [d, €] is the lem of d and e,
® Tud= Tatdds
o 2,4 Tpe=0if a Zb (mod ged(d,e)),

=1

e ||z, ;

o llzaall® = Xk 1Yakll?,

)

o for any d | k, we have 2o 4 Yok = ||Yak |
® Yo.d-Ybe =0if ged(d,a —b), ged(e,a —b), and ged(d, e) are not all equal,

and we attempt to minimize the quantity

Z [Ya,1 ?

acA
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over the set C.
To any element (24,4, Ya,d)d|P,,acz/p. Of C We can associate a probability distribution y on Z/P.,

by taking y(c) = ||z¢,p.||?. Then the constraints given above imply that

P,olc=a (modd)] = Hxa$d||2,

PH(C) [C =a (mOd d) Ne= b (mOd 6)] = xa,d . xb,m

and
PH(C)[(Pzaa —c)=d] = ”ya,dHQ'

Conversely, to any probability distribution p on Z/P,, we can associate an element of C. First
I'll describe a way to construct the x4 4s. Consider the matrix M with rows and columns indexed
by ordered pairs (a,d) with d | P,,a € Z/d, such that

Ma,ay,b,e) = Pueylc =a (mod d) Ac=b (mod e)].

The matrix M is then a positive semidefinite matrix, since it is a weighted average of rank one
positive semidefinite matrices corresponding to specific values of ¢. Thus there exists a tuple of
vectors z, 4 such that

La,d* The = M(a,d),(b,e)'

To see that it is possible to find the full tuple (24,4, Ya,q4), just note that for any specific value of
¢ there corresponds a collection of 1-dimensional vectors (24,4, Ya,a) satisfying all of the constraints
listed above, and then take a weighted some of orthogonal copies of these tuples of vectors over the
various choices of c.

T’ll illustrate one possible way to take advantage of this relaxation. Let B be a positive semidef-
inite matrix with rows and columns indexed by (a,d) with d | P,, a € Z/d. Then since B and M

are both positive semidefinite, we have
Tr(BM) > 0,

and expanding this gives

Z B(a,d),(b,e)Ta,d - The = 0.
(a,d),(b,e)

Since Zg,q - Tpe = 0 when a Z b (mod ged(d, e)), this can be rewritten as

> > Buay@elzauel® = 0.

d,e|P, a€Z/[d,e]
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Next we take a lower bound sieve inequality for each a as in the section on grids of sieve weights, to
get

lyaill? > > Aaallza.all
d|P,

Summing this all up, we get the inequality

A— ) Z) > Z Z Aa,dlcEa (mod d) — Z Z B(a d),(a, 6)1 a (mod [d,e])

a d|P; d.e|P, a€Z/[d,e]
= Z ( Z Aa,d — Z B(c,dl),(c,dg))a
d|P, a=c (mod d) [d1,d2]=d

which holds as long as B is positive semidefinite and the A, 4s satisfy

Z/\a,k <1g—1,aeA-
k|d

It isn’t clear to me whether the inequality above is useful in practice, especially since so far we
haven’t really taken advantage of the y, 4s. One way to take advantage of the y, 45 comes up in

applications of the Large Sieve. For any « € R/Z, we define a vector S(«) by

a) =Y ey, . (3.2)

acA

Note that we have
1S(@)* = > cos(2ra(a—b))ya1 - Yo,
a,be A

so for any fixed a, we see that ||S()||? is a linear function of the dot products y,.1 - yp,1-

Theorem 18 (Montgomery [24]). Suppose that for each p < z, the set Z C A avoids k), congruence
classes modulo p, and for any d | P, define k(d) = Hp‘d Kp and @, (d) = led(p—/@p). Ifyo1 = leez
and S(a) is defined as in (3.2)) for o € R/Z, then for any d | P, we have

a2 K(d) 2
X W@z S5

Theorem 19 (Large Sieve [25]). If A is an interval, oy, ...,ar € R/Z satisfy ||a,. — as]| > 6, and
the vectors S(a) are defined as in (3.2)), then we have

ZIIS an)|? < (Al +67 =) Y| :

a€A
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Taking &, = 1 for all p, supposing that A is an interval, and letting Z be the set of elements of
A such that ged(P,,a — ¢) = 1, we see that for any y we have

(X )sth-cors 3 S ISP < (4] +5)S(A - c.2),

d| P, #(d) d|P, a€(Z/d)*
d<\/y A<y
S0 A
S(A—¢c,z) < L—Fyl
AP (d)

d<\/y



Chapter 4

Toys and Intuition

4.1 Sifting with at most four “primes”

In this section, we will consider the following problem, parametrized by four real numbers p, ¢, r, s

with 1l <p<qg<r<s.

Problem 9. What is the maximum y such that there is a weighted set A and four weighted subsets
Ap, Ag, Ar, As C A such that, if we formally define Ay = A and A, = Ay N Ay, then we have

—1<]Aql -5 <1

Ul

for d = 1,p,q,r,s,pq, pr, ps,qr,qs,rs, pqr, pqs, prs, qrs, pqrs, and such that we also have
A=A, UA, UA UAS?

This is a linear programming problem, with coefficients depending continuously on p,q,r,s.

Letting a4 denote the number of elements of A; which are not also elements of any Ay with d | d’

[Adl =) ax,

(interpreted formally), we have

dlk
so the constraints can be written as
1<y N g <t (4.1)
<y <
dlk
together with ag > 0 and
a; = 0.

31
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Summing the constraints (4.1) with weights A4, we see that if

Zx\dﬁo

k|d
for d > 1, then

y %S Doal+ D @Y A< Y Al

d|pgrs d|pgrs k|pgrs d|k

d|pgrs
In particular, if

Ad
> ik
d|pgrs
then

< Zdlpqrs |Ad|
U i ¥
d|pgrs d

By linear programming duality, we have the following.

Proposition 11. For any 1 <p < q <r <s, we have

max{y | I(aa)apgrs € Rlzﬁo satisfying (4.1)) and a; = 0}
rs 1A
min { Zd|pq | |

d|pgrs

. Ad
Zd| %d | (Ad)d|pgrs € R satisfy (@.2) and Z v > O}.
pars

32

Furthermore, if aq, \q are chosen optimally, then we have the following “complementary slackness”

relations.

e Ifaq >0, then 3y, Aa =0.

1 Mg > 0,
o If \g #0, then % — Ed\kak =
-1 Ag<O.

Now we describe the various optimal sieves that appear in various ranges.

4.1.1 Range I (Eratosthenes-Legendre sieve)
Range I is given by

(r—1)(s—1)<4.
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In this range, the optimal choice for A; is Ay = u(d), and the optimal choice of y, aq is given by

_ 16pqrs

P00 -D6-1)
a = 16 —1
P - -Dr=1)(s—-1)
Agrs = 16 + 2

T @-)r-1)(6s-1) 7

Grs = e -4

T r=1)(s—1) ’

as = 51_61 + 8,

and the remaining ags are defined symmetrically.

4.1.2 Range II (combinatorial)

Range 1T is given by

3<rs—r—s,

(g—1D(rs—r—1s) <6r,

P—Dlg=D(rs—r—s)<6((p-D(r-1)+ (-1 —-1)-(-1)(-1)).

In this range, the optimal choice for Ay is

w(d) rstd,
Ag =
0 rs|d,
and the corresponding y is
12pqrs
Yy = .
p—D(g—1)(rs—r—s)

(IL1)
(I1.2)
(I1.3)

In the interior of this range, the set of possible values for the a4s is three dimensional. In terms of
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Gprs, Qqrs, and Gpqrs, the rest of the agys can be described as follows:

ars =0,
12r 1
Apgs = — Qpqrs )
P& (p—1)(g—1)(rs —r —s) Pa
12r 9
Qgs = — Qgrs — 4,
a (g—D(rs—r—23) 1
12 + 3
Apg = 7~ 5 T Apgrs — 9,
Pop-1D(g-1) M
12 + + 6
Qg = —— Qgrs 3
q q—l q
12
a527r+4’
rs—1r—=s

with the remaining ags defined by interchanging p and ¢ or interchanging r and s in the above. The

variables aprs, Ggrs, @pgrs Need to be chosen to satisfy the following system of inequalities:

12
(p—Dlg—(rs—1r—s)

12q . 12q 12r _
max {0’ D@D (rs—r—s) ~ pars ~ 1} < @prs < min { DD rs—r—s) ~ ars T L Gyl 2}’

max {0 12 ~ 1,3~ G | < pars < +1,

? (p=1)(g—1)(rs—r—s) (r=1)(

12p _ _ : 12p _ 127 _
max {07 D@ D(rs—r—s) ~ %pars 1} < grs < min { G- Ds—r—s) ~ %ars T L oty 2}7
12pq 12pq

+ 1.

-1< Qprs + Qgrs + Qpgrs

P—Dg-1(rs—r—5) S -Dg—rs—r—3)

To see that the first inequality can be satisfied, note that by (II.3)) we have

60— 1)(s = 1) > 6((p ~ D~ D+ (g~ D= 1) = (= g~ 1) = (p~ g~ Virs 7~ s),

SO

12 12
+1>3

(p-D0g—rs—r—s) =7 (p-1g-1)
As long as 61 > (¢ — 1)(rs — r — s) (which is (II1.2)) and apqrs satisfies

12(pr—p—r
trors 21 G 1)(5 —1)(rs e $)
we can find aprs, agrs satisfying the second and third inequalities. What’s left is to check that the
fourth inequality can be satisfied. Since the set of possible values of ay,s + agrs + apgrs is an interval,
we just need to check that it can take both sufficiently large and sufficiently small values. To see
that it can take sufficiently small values, take apqrs as large as possible and take ap,s, aqrs as small

as possible.

, . Lo 12
What’s left is to check that ap,.s + agrs + apgrs can take a value which is > (pfl)(qflj)jgrsfrfs) —1.
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If it is possible to choose apqrs such that we may take aprs = (pfl)(qfllz)q(rsfrfs) — Qpgrs + 1 and
Qgrs = % — 2 (or vice-versa), then this choice gives
12(rp+q—1) 12pq

-1

Gprs + dgrs + Apgrs = p—1(g—1)(rs—r—s) —1= (p—1)(g—1)(rs—r—s)

12r 12r 2)

Otherwise there are two cases. If we can take ap,s = =D (rs=r=s) — 2,a4rs = G=Drs=r=s) — 2
12

then taking apqrs = =D (=D s=r=s) T 1, we have

R(p-Dr-D+g-Dr-1)-@-1)(¢-1))

o 12pq 1) = —9
aprs+aqrs+apqrs ((p—l)(q—l)(rs—r—s) ) (p _ 1)(q _ 1)(7“8 —r— 8) ’
and this is at least 0 by 1D In the last case, the best we can do is to take ap,s = (p_l)(q_lf)q(m_r_s) —

P

Gpgrs + 1, Ggrs = G-D=)s=r=s) — %pars + 1, and take apqrs as small as possible. Since we are in

this last case, this smallest possible value of a,q,s must satisfy the inequality

12(pr—p—r) 12
Qpgrs > 3 — >3- —.
r (p—D(g—1)(rs =7 — ) (p—1)(¢—1)
Thus the smallest possible choice for apgrs is either apgrs = 0 or apgrs = (pfl)(qfii(rsfrfs) —1. If it
is the latter, then
12
_ 12pq _ A
Aprs 1 Aqrs T Apgrs ((p—l)(q—l)(rs—T—S) 1) =4 rs—r—35
which is at least 0 by ([L.1). Finally, if apers = 0, then
12(pg —p—q)
_ 12pq —1)=3—
Uprs + Qgrs + Apgrs ((p—l)(q—l)(rs—r—s) ) (p—1)(g—D(rs—r—s) )

and by (IL.1)) this follows from

d(rs —r —s)
(r=1)(s—1)

4(pqg —p—q)
(p—1D(g—1)

rsS—r—82> >

4.1.3 Range III (first new sieve)

Range III is defined by

6((p—Dr—-D+@-Dr-1)—(-1(@-1) <@-1(@-1)s—r—s), (IIL.1)
(p—D(g—1(rs—r—s)<5(pg+pr—qr—1)+(p—-1r,  (1L2)

20— 1(g—1)(rs —r—s) <11(2(p— Vs — (pg+pr—gr = 1)) + (p—1)(r = 1) + (¢ = 1)(r = 1) = (p — 1)(g — 1).
(ITL.3
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The optimal A\gs are given by

u(d) d|pgrord]s,

3 de{ps,gs,rs},
Ag =
0 d € {pgs, prs,qrs},
—% d = pqrs,
and the corresponding vy is
11pqrs 22pqrs
Yy = = s
(p—1)(qg—1)(r —1)s —pgr + 5(pg+ qr + pr — 1) D

where

D=2(p—-1)(¢g—1)(r—1)s —2pgr + pqg+ qr + pr — 1.

There is only one choice for the optimal ags: they are given by

Ars = 07
22
Apqrs = 5 + 17
22(s —1)
ar = =5
11 — -1
agrs = <pq+p; -1 _
22(p—1)s — 11(pg + pr — qr — 1)
Qqr = D - 17
22 —11 -1
o, = 2200 (pq + qr +pr )+37
D
22 -1 —1)s — 1
o = 2 =1 _ Js—pg+1) o

with the remaining ag4s given by permuting p, ¢, in the above.

The basic principle behind this sieve is easier to understand in terms of upper bound sieves,
and gives us our first example of an iteratively constructed sieve other than the combinatorial sieve.
We'll use it later to show that in the case of the linear sieve (that is, k, = 1 for all p), the optimal

sieve is often not a combinatorial sieve.

Proposition 12. For any w < z, we have

S(A,z)gS(A,w)—% 3 S(A,,,w)+% S S(Apgrw).

Z2>p>w Z2>p>q>r>w
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4.1.4 Range IV (combinatorial)

Range IV is defined by

Sp—r<(@-1@-1)r—-1)s—(p—1)qgr
5(pg+pr—qr—1) < (p—1)(g—1)(r—1)s —(p—1)gr,
(p—1(g—1)(r—1)s—(p—1)gr <5(p—1)s,
(p—1(g—1)(r—1)s — (p—1)gr < 10gr

The optimal A\4s are given by

p(d) d|pgrord|ps,

Ad =
0 else,
and the corresponding y is
10pgrs
Yy = .
(p=Dg-1(r—-1)s—(p—1)gr

37

In the interior of this range, the set of optimal ays is three dimensional. Set D = (p —1)(¢ — 1)(r —

1)s — (p — 1)gr. In terms of apgs, Gprs, Gpgrs, the aqs are given by:

aqs = 0,
Qgrs = 0,
10s
Apgr = ﬁ — Qpgrs + 17
10
Aps = ﬂ — Qpgs — Aprs — Apgrs — ]-7
D
10s
r = - 23
D s ar
10(g — 1
Apr = % — Qprs — 2’
10gr
as = + 2,
(q—1)(r—1)s—gqr
10(g — 1
o — (g=Ds
(=D —1s—gr
10
ap = E + Qpgs + Aprs + Apgrs + 9,

with the remaining ag4s given by swapping ¢ and r in the above (note that a4 > 0 is equivalent to
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(IV.3)). The variables apgs, Gprs, apgrs need to satisfy the following inequalities:

10p 10
max {Oa ? - 1} < QApgrs < 5 + 1,
10 10 10(g — 1
max{O, ﬂ - apqrs - 1} S aprs S min {jq - apqrs + 1, % — 2},
10pr . (10r 10(r — 1)s
ma {0, 75 = pars = 1} <ty < min { - = prs +1, =5 — 2},
10gr
QAprs + Qpgs + Apgrs < Tq - 1L
By (IV.1), we have
10pr 10r
Tp_apqrs_lg 7_0’1)(]7‘5—’_17
and by (IV.3), we have
0 10(p — 1)s 5 10(g —1)s 5
< D < o) ,

so as long as we can choose a,q,s With

10(pg — (¢ — 1)s
Gy > (pq l()q ))+17

we can choose ayprs, apgs satisfying the second and third inequalities. That such an apqrs can be
chosen follows from the inequality 1 > pg — (¢ — 1)s, which can be checked by adding (IV.2) and

(IV.3) and using s > r.

To check that the inequality aprs + apgs + Apgrs < lquT — 1 can be satisfied, note that if we can

choose apgrs such that one of apgs, aprs can be taken to be 0 and the minimum possible value for
the other is not 0, then taking both apgs, aprs to be their minimum allowed values works. If the
minimum values of apqs, aprs are always both 0, then we take apqrs to be as small as possible, and
we see that this works by % — 1> 0, which is . Finally, if neither of apqs, aprs can ever be
0, then we take apqrs = % + 1 and take apgs, aprs as small as possible, which works by .

4.1.5 Range V (second new sieve)
Range V is defined by
100p—1D)s—=5(pg+pr—qgr—1)<(p-1)(qg-1)(r—-1)(s—1)—ps—qgr+p+q+r+s—2,
(V.1)

p—D(@—-D(r—-1)(s=1)—ps—qgr+p+q+r+s—2<5(pg+pr—qr—1). (V.2)
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The optimal Ags are
1 de{l,pq,pr,qs,rs},
Ad=19 -1 de{p,q,r, s pgrs},
0 de{ps,qr,pqr,pgs,prs,qrs},

and the correspoding y is

_ 10pgrs
==

D=(p-1D(@-1D@r—-1)(s=1)—ps—qgr+p+q+r+s—2.

In the interior of this range, the set of optimal ag4s is four dimensional. In terms of apqr, Gpgs; Gprs; Gqrs,

the ags are given by

aps = 0,
Apgrs = 150 +1,
ars = % — Qprs — Qgrs — 2,
0, = 10(pgr — pq — pr + 1) g 44,

D

with the remaining ag4s given by applying powers of the cyclic permutation (p ¢ s r) to the above

equations. The variables apqr, Gpgs, Aprs, Gqrs Need to satisfy the inequalities

10(p -1 10(p —1
maX{Oa%_z} < Qqrs < %a
2L < et g < 202,
1 -1
aprs+aqrs < % _2»

and all of their cyclically permuted (by powers of (p ¢ s r)) analogues (note that the upper bound
in the second line follows from the upper bounds in cyclic analogues of the first line, and is therefore
redundant). One can show that (V.1)) and (V.2)) are necessary fairly directly from these inequalities.

Additionally, one can easily show that

Apgr 2 W + apgs,

Apgr = w + Qprs,

Upgs = w + Qgrs,
-, 10g(r —p)

Qpgs Z D + Ggrs,
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and that these inequalities show that the two inequalities agrs > max{0, % — 2} and apgr <

w imply all their cyclically permuted analogues.

To see that (V.1) and (V.2)) are sufficient, note that if we take

5(pq + pr —qr —1)

Aqrs = D -1,
5(pq + qr —pr —1)

Aprs = D - 17
5(pr+gqr—pg—1)

Apgs = D -1,
5(2ps 4+ qr —pg —pr — 1)

Qpgr = D —1,

then all the inequalities involving sums of two of apgr, Gpgs, Aprs, Qgrs are automatically satisfied,

(V.1) is equivalent to 0 < agrs, (V.2) is equivalent to apgr < %ﬁl), and (V.2) implies that

1O(pD71) _9 < 10(p51)s _9 < Agrs-

The basic principle behind this sieve is given in the following proposition.

Proposition 13. Let G = (V, E) be a graph with vertex set equal to the set of primes below z, and
let Cinin be the set of minimal cycles (that is, cycles having no chords) of G. Then

S(4,2) > [A] - Z | Ap| + Z |Apq| — Z | Apy -y |-

PEV {p.a}eE {p1,-- Pk }€Cmin
We can also make an iterative version of this inequality. So far I haven’t found any case where
it is useful.

4.1.6 Range VI (combinatorial)

Range VI is defined by

4s < qrs —qr — qs — rs, (VL.1)
Alpg+pr—qr—1) < (p—1)(grs —qr —gs —rs), (VL.2)
(p—1)(grs —qr —qs —rs) < 8qr. (VL3)

The optimal A\4s are given by

\ p(d) de{l,p,q,r s, pq,pr,ps},
d p—

0 else,
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and the corresponding vy is

__ 8pgrs

D D= (p—1)(grs —qr —qs —rs).

In the interior of the range, the set of optimal ags is four dimensional. In terms of apqgr, Gpgs, Gprs, Gpgrs,

the other ag4s are given by

aqrs:Ov
ars =0,
8
aszﬂ_a s — Uprs — Gpgrs — 1,
D D pq P Pq
ap:pi—l + Qpgr + pgs + Aprs + 20pgrs + 4,
8
as = ar + 2,

S ogrs—qr—qs—rs

with the remaining ags given by permuting ¢, r, s in the above equations. The variables apqr, Gpgs, Gprs, Gpgrs

need to satisfy the inequalities

8p 8
ma‘X{07 B - 1} < Apgrs < B + la
8ps 8s
max {0, % — Qpgrs — 1} < Gpgr < D Apgrs + 1,
8qr
Qpgs + Aprstapgrs < ? -1,

and all of their analogues under permuting ¢,r,s. Using we see that the first two groups
of inequalities can be satisfied. For the last group of inequalities, if it is possible to take two of
Gpgr; Qpgs, Gprs €qual to 0, then doing so and taking the remaining variables as small as possible
works by (VL.3). Otherwise, we may as well take apqrs = & + 1, in which case taking apgr, apgs, aprs
as small as possible works by .

4.1.7 Ranges VII - X (all combinatorial)

The remaining ranges are all fairly simple, so I'll just summarize. Range VII is given by
9
9r =< (p—1)(¢ = 1)(r —1)s —pgr < 5 (p — 1)s, (VID)

with optimal A\; given by u(d) for d € {1,p,q,r, s,pq,pr,qr} and Ay = 0 otherwise. There is just
one optimal choice for the ag4s, with the nonzero ags given by
9s _9p—1)s _ 9pgr 9p—1g—1)

aqu:5+17 aqr—T 2, Qg D +1, ar:f—i—ﬁh
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and their analogues under permuting p, ¢, r (here D = (p — 1)(¢ — 1)(r — 1)s — pgr).
Range XIII is given by

max{%(p —1)s,7qr} < pgrs — pgr — pgs — prs — qrs + qs +rs < 7qs, (VIII)

with optimal Ag given by u(d) for d € {1,p,q,7,s,pq,pr} and Aq = 0 otherwise. There is a one
dimensional family of optimal ag4s, with the nonzero ags given in terms of a,q by
_ Tgs _ Tpgr 7(p—1)gs T(gr—q—r)

s
Apr D —apgr — 1, as D +1, aT:T+27 ap:#‘i'apqr'k?h

and their analogues under swapping ¢ and r (here D = pgrs — pgr — pqs — prs — qrs+ qs +rs). The

variable apq,- needs to satisfy the inequality
max{0, % —1} <apgr < % + 1.
Range IX is given by
6gs < pgrs — pqr — pqs — prs — qrs +rs < 6rs, (IX)

with optimal Ay given by u(d) for d € {1,p,q,r,s,pq} and Ay = 0 otherwise. There is just one
optimal choice of optimal agys.

Range X is given by
5rs < pqrs — pqr — pgs — prs — qrs, (X)

with optimal Ay given by u(d) for d € {1,p,q,r, s} and Ay = 0 otherwise. There is just one optimal

choice of optimal ags.

4.2 Model problem - all primes have the same size

We will try to understand the asymptotics of the sifting limit 5, as the sifting dimension s goes to
infinity, by studying a model sifting problem introduced by Selberg in Section 13 of [2§], in which
all of the primes have roughly the same size. One possible motivation for this is the intuition that
the way we handle the large primes seems to have the most important effects on the asymptotic
behavior of the sifting functions when x gets large (this intuition will be better motivated after we
see the algorithm for computing the sifting functions F(s), fi.(s)).

More precisely, let A be the interval [1, y] and let P be a set of primes such that there is a number
R with the property that the product of any R primes from P is below y, but the product of any

R+ 1 primes from P is greater than y (note that R is within 1 of the parameter s which appears in
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the usual sifting problem). Define a new parameter v, analogous to &, by

Kp
b=

peEP p
It isn’t hard to see that the bounds we can get on S([1,y], P) only depend on the quantities v and
R, since by an averaging argument we may assume without loss of generality that the sieve weights
Aa depend only on w(d), the number of prime factors of d. For this reason we will switch the indices

on our sieve weights from d to w(d), so we need to optimize only Ag, ..., Ag, with Ag = 1. We make

the definition n
n
0(n) = i .
=Y (")

=0

Thus, the upper bound sieve reduces to trying to minimize the quantity

R

Z@vn _ 61;2%@”

n>0 n=0
subject to the constraint #(n) > 0 for n € N. Similarly, the lower bound sieve reduces to trying to
maximize the same quantity subject to the constraint #(n) < 0 for n € NT. For every R, we let vg
be the largest v such that the optimal lower bound is nonnegative. Note that for the purpose of
computing vy, we can ignore the normalization A\g = 1.

Selberg [28] shows that || < vgp < R (this is equation (13.22") of Section 13 of [28]), and

that for any v, R the optimal 6 takes the form

o =11(0-3) (- 75)

K2

with v; € N for the upper bound sieve, and

9(n>=<1—n>H(1—Z) (1‘%-11)

K3

with v; € N for the lower bound sieve (these are equations (13.6) and (13.6”) of Section 13 of [28]).
Furthermore, Selberg [28] shows that each v; < max(2R + 2v, R + 4v) (this is equation (13.8) of
Section 13 of [28]), so for any v, R the optimal 6 can be found with a finite amount of computation.
An algorithm for computing the optimal 6 given v, R and for computing vg given R is described in
Algorithm [I] In practice, once R gets large rounding errors start to accumulate when floating point
arithmetic is used. The basic result behind the correctness of this algorithm is given in the following

proposition.

Proposition 14. For R € N and v > 0, suppose that the polynomial 6 has degree R, satisfies



4.2. MODEL PROBLEM - ALL PRIMES HAVE THE SAME SIZE 44

0(0) = 1, has (—1)0(n) > 0 for n € N*, has R distinct positive integer roots, and has the property
that whenever we change just one root of 8 we either fail to satisfy one of the previously mentioned

properties of 0 or we increase the quantity

Then in fact 0 minimizes M, r(0) among all polynomials of degree R satisfying 0(0) = 1 and
(—=1)®9(n) >0 for n € NT.

Proof. The set of coefficient vectors of polynomials 6 of degree R satisfying 6(0) = 1 and (—1)%0(n) >
0 for n € NT forms a convex set, call it Cg, bounded by hyperplanes corresponding to positive integers
which might be roots of 8. Any interior point of Cr can be replaced by a vertex of Cr (that is, a
point where R bounding hyperplanes of Cr meet, corresponding to a polynomial with R distinct
positive integer roots) without decreasing M, r(6) by replacing negative roots of 6 by roots at 1,
replacing pairs of complex conjugate roots of # by their real parts, and migrating non-integral real
roots or double roots of @ either upwards or downwards until they hit an integer. Furthermore,
M, r(9) is bounded below by (—1)% for 6 with coefficient vector in Cg, so there can be no rays in
Cr which point in a direction which strictly decreases M, g.

Call two vertices of Cr adjacent if the segment connecting them is a 1-dimensional face of Cg.
For 6 corresponding to a vertex of Cg, the adjacent vertices correspond to the polynomials obtained
by moving just one root of 6 from one positive integer to another positive integer. Considering the
cone around this vertex, which is defined by the R hyperplanes corresponding to the roots of 6, we
see that if M, g(6) is not minimal, then there is some one dimensional face of Cg which meets 6,
such that M, g strictly decreases as we move away from ¢ along this edge - so since this edge can’t

be an infinite ray, it must terminate in an adjacent vertex of Cg. O

Values of vg and the corresponding roots v; and sieve weights \,, are given for some small R in

the following table.
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Algorithm 1 Find optimal 0, find vg

10:

11

12:
13:

14

15:
16:
17:

18:
19:
20:
21:

22:

23

24:
25:
26:
27:
28:
29:

30:

1
2
3:
4.
5

: function WEIGHTS(R, v, ..., Vq)
if R odd then

0

else
0(n) Ty (1 - 2)(1 -
Ap < 0(n) forn=0,..,R
for i =0to R do
for j=Rtoi+1do
)\j — )\j — )\3;1
return (Ag, ..., AR)

: function MAINTERM(v, R, v1, ..., Vq)
(Mo, -, AR) + WEIGHTS(R, V1, ..., Vq)
return ¢ Y7 2u

n=0 n!
: function BESTTHETA(v, R)
d« | 5]
vi<2i—1gpgfori=1,..,d

n
vi+1

,U’Vl

MAINTERM (v, R, v1, ...,
v +— v +1
while Vi4+1 = V; +1do

i1+ 1
vi+—v;t1
return {vy,...,v4}

Vd) do

: function vr(R)

d +— R-1

vi<2ifori=1,..,d

v 0

while MAINTERM(v, R, vy, ...,v4) > 0 do
{v1,...,vq} < BESTTHETA(v, R)

return v

) for n =

> alternatively, approximate this by Zn<10( Rtv)

Increase v until MAINTERM(v, R, v, ...

> parity of R determines whether an upper or lower bound sieve
O(n) « (1—n) [T (1— 2)(1 - -2;) forn=0,.., R

0,..R

while J3i < d, & € {+, -} such that (—1)EMAINTERM(v, R, v1,...,v; £ 1,...,v4) > (=1)F

> push adjacent roots out of the way

> assume R odd, otherwise decrease it by 1

,vq) = 0. > e.g. using Newton’s method
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R VR V1, s V(R—1)/2 A0y -y AR

1 1 1,-1

3 2 3ord 1,-1,2,-Lor1,-1, 5, -3

5 3.11714 3,7 1,-1,0.91,-0.73,0.46, —0.17

7 4.14377 3,6,11 1,—1,0.94,-0.83,0.67, —0.46, 0.24, —0.07

9 5.23808 3,6,10, 14 1,—1,0.96, —0.88,0.76, —0.61, 0.44, —0.26,0.12, —0.03
11 | 6.29164 3,6,9,13,18 1,—1,0.97,—-0.91,0.82, —0.71,0.58, —0.43,0.28, —0.15, ...
13 | 7.30904 3,6,9,13,17,22 1,-1,0.97,-0.93,0.86, —0.76, 0.65, —0.52, 0.39, —0.26, ...
15 | 8.33758 3,6,9,12,16,20,25 1,—1,0.98,-0.94,0.88, —0.81,0.72, —0.61, 0.50, —0.38, ...
17 | 9.31968 3,6,9,12,15,19,24,29 1,—1,0.98,-0.95,0.90, —0.84, 0.76, —0.67,0.57, —0.47, ...
19 | 10.3236 3,6,8,11,15,18,22, 27,33 1,—1,0.98,-0.96,0.92, —0.87,0.82, —0.75,0.67, —0.58, ...
21 | 11.3495 3,5,8,11,14,18, 22,26, 31, 37 1,-1,0.99, -0.97,0.94, —0.91, 0.86, —0.81,0.75, —0.68, ...

23 | 12.4042 | 3,5,8,11,14,17,21,25,29,34,41 | 1,—1,0.99, —0.97,0.95, —0.92,0.88, —0.84,0.78, —0.72, ...
25 | 13.4494 | 3,5,8,11,14,17,21,24,28,33,38,44 | 1,—1,0.99, —0.97,0.95, —0.93, 0.89, —0.85,0.81, —0.75, ...
201 | 102.22 | 3,5,7,9,12,14,16,19,21,23,26, ...
1001 | ~503.37 | 3,5,7,9,11,13,15,17,20,22, 24, ...
2001 | A 1004

Based on the numerical data, the following conjecture seems plausible.

Conjecture 2. In the model sifting problem, the optimal \,s always satisfy
(=D)"N\, >0

and
1:\)\0|2|)\1|2...'

4.2.1 The combinatorial range, and coincidences at v =1

It’s easy to see that for R fixed (and assuming that the parity of R is determined by whether we
are looking for an upper bound sieve or a lower bound sieve) v sufficiently small, the optimal sieve
is combinatorial - that is, it has 6(n) = 0 for n = 1, ..., R, with sieve weights given by \; = (—1) for
i < R. Thus there is some least v, possibly depending on R, such that the combinatorial sieve is no
longer optimal.

In a surprise twist, this crossover point always happens at v = 1 regardless of the value of R: we
have an infinite pileup of coincidences all occuring at one critical value. Before I prove this result,
note that in the original sifting problem it is conjectured that for x < 1 the best upper and lower
bound sieves are the §-sieves, which have Ay € {u(d),0} for all d. In the last chapter of this thesis,

I’ll strengthen the analogy further by generalizing the infinite pileup of coincidences at v = 1 from
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the model problem to an infinite pileup of coincidences all occuring at x = 1 in the full sifting

problem.

Theorem 20. For R € N and 0 < v < 1, the polynomial 0 of degree R which satisfies 6(0) = 1,
(—=1)E9(n) > 0 for n € NT and, given these constraints, minimizes the quantity
0(n)
My a0) = (-7 3 2,

n>0

n

is the combinatorial polynomial

i =30 (1) =TT (- 1) = 0" )

=0 i=1

For R>2 and 1 < v < 2, the optimal 0 is instead given by
n n n
nn =1 (1=5)- (1= 3) (- 753)
i =] i R R+1

)l o)

Proof. By Proposition we just need to check that M, r(6) can’t be decreased by moving just one

root of @ from its current position to another positive integer. First we focus on the range 0 < v < 1.

Since 1, ..., R are already roots of 6, the only moves that can be made are moves that flip one of the

roots R — 1, R — 3, ... from its current value to R+ 1. Set

= B0 (") = T ()

[ (S
R+1—-2k 1<i<R+1
i#R+1-2k

for k =0,...,[2]. We just need to show that M, r(6y) < M, r(0x) for each k < & when v < 1. We
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have
O(R+1—2k) pii_on - g n—1\v"
My, m(0) — bo) = (—1)F =7 P 20 I D —
(2K)! mii_ok 2kn n—1\ov"
> .
(R+1)! i BE D -R=1+2))\ R )l
_ R Reioak 3 2k o
(R+1)! e (B —R-Dl(n—R—1+2k)
oL [(2k)! 2k n
(R+1\ v = nl(n + 2k)

PR E)! n-
_ M(iZk)Mv,zkl (” = (Qk 11>)
v @) g (o)

- (R+1)! v2k n!

n<2k—1

When v < 1, pairing up the summands shows that »_ o, (v
strict for k > 1.

Next, we consider the case 1 < v < 2. If we change just one root of #;, we can make it into 6

for k=0,2,...,[£], or we can make it into ¢’, which is given by

1 n n
20 )0 )
1;[ ( > R+1 R+2
We already know that M, r(01) < M, r(6y) for v > 1. For k > 2 we have

v, R+1

MmO — ) = S (B s U B ),

(R+1)! S, v?

and for k > 3 and v < 2, by standard alternating series arguments we have

_a\n 2k 26
> ﬂ>e*”fv—>e*27—>0.

| | |
nia ™ (2k)! 6!

For k = 2, we need to check that

24 v 03 2
Al g -5) > p-0

for v < 2, which is straightforward: the difference of the two sides is 2074(2 — v)(3(2 — v) +v?) > 0.
To finish, we just need to check that M, r(61) < M, r(¢’) for 1 < v < 2. Writing ¢’ in the
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binomial basis, we get

o002 ()0 ) (o) 0 et (7)

=0
' _ R 1 n R(R-1) R—-1\(n
My r(0" = 61) = Mv»R<(_1)R((R;2) - (R;l)) (R— 1) * (_1)R<(R+ 1)(R+2) R+ 1) (R))
v Q(R_ 1) 1 R—1 2(R_ 1) i R
- ((3;1)(1{4-2) R-DI" T (R+D(R+2)R )
_ v Q(R_ 1) -1
: va (2-v),
which is greater than 0 when v < 2. O

4.2.2 Why is Selberg’s lower bound sieve so effective?

First we will describe the analogue of Selberg’s lower bound sieve in this setting.
Let R =2d+ 1. In order to show that vg > d + 1, Selberg [2§] finds the optimal 6 of the form

0(n) = (1 —n)f(n)*.

If we write
n
fln) = Zf(z)

and define y;, A; by

r ZT’-H i
yT:(il) Z il v,

i>0
and A, =y, — Yyr+1, then we find that
- (1— n)f(n)2 e v’ 2
v n _ — —
I S YA
n>0 T r

Since y, = A, + - -+ + Ay, we can apply Cauchy-Schwarz to see that

yr < (d+1—7r)(AZ + -+ AY),
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with equality when the As are all equal. Substituting this in, we see that

o" 9 ,Ur-i-l ) " 9 9 vr+1 9
ZﬁyT_Z rl ATSZﬁ(d—i_l_r)(Ar—’——’—Ad)_z 7l Ar
_ _ o~V
=(d+1 U)ZAJ-;H.

J ]

Thus we see that the Selberg lower bound sieve gives a nonnegative lower bound if and only if
v < d+ 1, and in particular that vgp > d + 1. Furthermore, when v = d + 1, the optimal sieve has
all As equal. Thus we substitute y. <d+1—1r, so

d+1—r .
d+1—r—1 ,
- (_1\T 7
4. =< (-1) E —
i=0
In order to normalize f(n), we need ¢, = 1 (note, however, that the normalization doesn’t actually

matter if all we care about is whether we get a nonnegative lower bound). When r = 0 and v = d+1,

the right hand side of the above becomes

d+1 d+1

d+1—1 . (d+1)* (d+1)"  (d+ 1)
—_— 17': —_ =
; FR ; il =) a
so when v = d + 1 we get
Coa TR Td1—r—i .
6 =(-1) T ; ——— @+ 1)

In the next few subsections, we’ll show that lim % = 2, and bounds the difference between vg
and | ZH | between the square root and the cube root of R (up to constants). Based on the analogy
outlined earlier, this may be regarded as weak evidence for lim %“’“ = 2, and possibly also as weak

evidence for 2k — B, > k.

Theorem 21. For R = 2d+ 1, we have 2v/d > vg — (d + 1) > (c+ o(1))V/d, where ¢ =~

positive solution of the equation

1 .
511 18 the

/000 # min (sin2 ((% + C)\/E)NOSQ ((% + C)\/E)) dr = 2me.

From the upper bound on vr we can deduce a lower bound on the usual sifting limit 3,, improving

Selberg’s lower bound by a factor of 2.
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Corollary 3. If 8. is the sifting limit of a sieve of dimension k > 3, then

5= VR +1

2
/BH > 1+L
e VE

Proof. Suppose B,; < 2d + 3 for some d € N. For any y, let P be the set of primes between yﬁ

and y/B=. Then if we take v = > opep =, we see that

2d+3>

v=(k+o0(1))log ( 5.

Since the product of any 2d 4 3 primes from P is greater than y, if we can find a nontrivial lower

bound sieve then we must certainly have

2d + 3
/ilog( ;— >SU2d+2:U2d+1§d+2\/;i+1.

Rearranging, we find that
2d + 3
ﬁ” =  d+2vd+1 '
e "

To finish, we take d = |k — /K] — 1. O

Upper bound on vy
Theorem 22. Let R=2d+ 1. Then vg <d+ 2v/d + 1.

Proof. Assume that d > 1, since it is easy to check we have equality for d = 0. Since any optimal 6
takes the form (1 —n)f(n)f(n — 1) for some polynomial f of degree d, it’s enough to show that for
v =d+ 2Vd+ 1 and any polynomial f of degree d we have

5 Aomife =D,

Write .
f(n) = ;z()

Define y;, A;, s; by

Yr = (_1)r Z Er.+i Ui,

7!
i>0

and A, = yp — Yry1,8r = 2 ;>0 Yr+i- Using the identity

(Z) (Z) - Xk: (k—a)l(k —IZ;!(a +b—k)! (:)
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we see that the variables y, diagonalize the quadratic form corresponding to the Selberg upper bound

an rr
S zy

n>0

sieve:

Since shifting the argument of f by +1 has the effect of replacing the y,.s with either the A,s or

the s,.s, we have

1—n)f(n)f(n—1 n n—l n
R WG I S IOV (b WA S (GRS D) _ez U (s v,

n! n!
n>0 n>0 n>0

Dividing by e¥ and rewriting this entirely in terms of the s;, it becomes

T

v
Z ﬁsr(s — Sr41 — U( 23r+1 + 3r+2) + T(Sr 1= 25r + 3r+1))-

T

’U

Comparing this to )" A2 we get

v
-9 Z ﬁsr(s — Spy1 — U(8p — 28,41 + Spyo) +7(8r—1 — 28, + Sp11))

2 v" 2 9
- Z l Ar+ Z ol (v =7r—=2)s7 =2 =71 = D)spspy1 + (v —7)s7 1) .
r r
We just have to prove that the last sum above is nonnegative. Since sq411 = 0, for any constant a

we have
T

v
Z o (v—r— 2)s2 —2(v — 71— 1)8,5,41 + (v — r)52+1)

r

:asg—kza((v—r—2—a)sf—2(v—r—l)srsr+1+(v—r—i—a?dj}_l) 5$+1>'
T

Thus it is enough to show that we can choose 0 < a < v — d — 2 satisfying

(vr?a)(erra )2(1;7"1)2

r+1

for all r < d. It’s easy to see that it is enough to check this for » = d — 1, in which case it reduces
to the inequality
(v —d)*a>va® + (v+d)a+d.

Taking a = \/g and v = d + 2v/d + 1, we get equality. O



4.2. MODEL PROBLEM - ALL PRIMES HAVE THE SAME SIZE 53

Remark 1. Numerical calculations indicate that for large d the quadratic form

T

v
Z ﬁyr(sr —vA,)

r

is negative definite for v ~ d + @ + 1, so the above argument is probably not best possible. The

next result shows that the bounds we can get with this method can’t be improved too much further.

Theorem 23. For all d sufficiently large, if we take v =d+ \/% +1,

1 d—l—2—r)
r=d+1—-1r— — ,
Y m( 2

and define A, = Yp — Ypy1, Sp = Zf:_or Yr4i, then we have

T

d
Z U—'yr(sr —vA,) > 0.
7!
r=0
Proof. Generally, if welet k =v — (d+1) and take y. =d+1—r+ a(d%#), then after a lengthy

computation we find that

r

L oy
Z ﬁyr(sr —vA,) = (Z 7"')

1 1
( — Gk(d+ k4 1) — o (3(d+1)* — 6k*(2d + 1) — 5k* + 16k(d + 1)) a
r=0
_|_

(3k(d+1)* — k*(4d — 2) — k° + 2(d + 1)* + 14k*(d + 1)) a2>

v+l 1 1
+ §k(k—1)—ﬁ(7kd+5k2(k—1)—3(d+ 1)+ 11k) a

1
-5 (d(4d +21) — k*(3d — 1) — k* + 13k(d + 1) + k* — 13) a2>.

If k is within a constant factor of v/d, we have the approximation

d

d! UT— —d v __ k kQ\/ﬁ
EZF—F(d—i—l,v)v e —erfc<m)ed ?4_0(1).

r=0

Plugging in d = 11%k? and a = and expanding everything to first order in k, we get the

1
T kV22
theorem. 0
Remark 2. The preceding Theorem should be seen as a limitation of our method of producing upper
bounds, rather than an indication that vg — (d + 1) > v/d. Numerical calculations show that the

roots of the corresponding polynomial f are almost equal to the roots of the polynomial Selberg
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constructed to show vg > d + 1, except that the smallest root is approximately % instead of being
approximately 3. It appears that this change to the smallest root alone accounts for most of the
improvement to v, and it is only permitted since we have relaxed the condition that 6(n) < 0 for
positive integers n to the much less restrictive condition that the roots of # come in pairs that differ
by at most 1.

It would be interesting to see if better upper bounds on vg could be produced by incorporating
the constraint that for every k the kth root of f is at least 2k + 1 (using the result of the next

section).

Lower bound on vg

Recall that when v = d + 1, the Selberg lower bound sieve corresponds to taking 8 of the form
6(n) = (1 —n)f(n)?

where f is an arbitrary degree d polynomial with f(0) = 1, chosen to minimize

M, R(0) == ) a4 1y,

’ n!
n>0

and that the optimal choice for f is given by

with
d+1—r

d+1—r—i .
3 #(d+1)l.

d!

b= (-1 Gy

i=
We want to describe the behavior of the roots v, ...,vq of f(n) = 3, 4;(7) as d gets large, so

that we can determine the effects of rounding them to the nearest integer values.

Proposition 15. The roots v, ...,vq of f are all real, positive, and greater than 2. For any integer

n, the closed interval [n,n + 1] contains at most one root v;.

Proof. These will all follow from the fact that f is chosen to minimize M, g(6). If f had a negative
real root, then replacing it with any positive root would decrease M, r(6) (since doing this would
decrease |0(n)| for all n € NT). Similarly, if f had a pair of complex conjugate roots, then replacing
them by their real parts would decrease M, g(6). If f has a positive root v; < 2, then increasing
it by a tiny amount e decreases some |0(n)| by an amount proportional to €, and at most increases
|6(2)| by an amount proportional to €2, so if € is small enough then increasing v; to v; + € decreases

M, r(0). Finally, if there is an integer n such that the interval [n,n + 1] contains two roots v;, v},
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then if we increase their sum v; + v; by € while keeping their product v;v; constant, then we will
decrease |6(m)| by an amount proportional to € for all m € NT with m # n,n + 1, and we will at
most increase |0(n)|,|6(n + 1)| by an amount proportional to €2, so if € is small enough the overall
effect is to decrease M, r(6). O

Corollary 4. If n is an integer with f(n)f(n+2) <0, then the interval (n,n + 2) contains exactly

one root v;, and whether v; is above or below n + 1 is determined by the sign of f(n +1).

Remark 3. Numerical calculations indicate that if we sort the roots vq,...,v4 of f, we even have
Viv1 > v; + 2 for every i. More detailed information about the roots of f can be found in the

appendix.
Proposition 16. Let n be a nonnegative integer. Then

s =) ()

k

Proof. Recall that we had

.
Yr+i '
Er = (_1)T Z le(d+1)l7
with the y, = (d_‘_ilﬁ -(d+1—7r) in an arithmetic progression.
Every time we shift the argument of f by 1, we replace the y,s with their differences. Since the

yrs are linear, after shifting the argument of f twice all but the last of them is 0, which gives us

dl _1k _ n
f(n+2): (d+1)d+1 zk: (;_L)!(dﬁ-l)d k(k)

Rearranging this finishes the proof. O

Proposition 17. Let a(n, k) be the number of permutations of an n-set having exactly k cycles of

size greater than 1. Then for n a nonnegative integer we have
1 E k
[ +2) = Gy ;(_1) a(n, k)d".

In particular, f(n +2) is positive for large d if and only if | 5] is even.
More generally, define az(n,k) by

ag(n, k) = zl: (7) es(n — 1, k),

where co(m, k), an associated signless Stirling number of the first kind, is defined to be the number

of derangements of an m-set having exactly k cycles of size greater than 1 (so that a(n, k) = a1(n, k)
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and ca(n, k) = ap(n, k)). Then we have

S+ o (1) (1) = g [ eoma- >dszi1
j = Z Yay(n, k)d

where C' is any contour winding counterclockwise around 0.

Proof. To prove the identity

St it () (1) = g om0

J

we just need to evaluate the nth derivative, with respect to z, of e(®t9?(1 — 2)¢ at z = 0. Using the
Leibniz rule we see that this is precisely the left hand side.

Now suppose that C is a circle of radius less than 1. Then we may use the power series for
log(1 — 2) to see that

22 23
nleldTD7(1 — 2)? = nlexp (qz - d? - d? - )

. |
= Y e (T
01,62,...20 HjJ T

Writing | = ¢4,k = Zj>2 ¢;, and interpreting ¢; as the number of cycles of length j in a permutation,

we see that the z"-coefficient of this series is precisely

3 <’Z> ca(n — L kg (—d)F = 3 (~1)*ay(n, k)d". O

k,l k

For any v > d + 1, we define the polynomial f, by
= Z ‘gv,r (n) )
- r

where
d+1—r

Lo d+1—r—Fk ,
for = (1) i S AR
k=0

as in Selberg’s construction.

Proposition 18. For ¢ = v — d < V/d, we have

—1d v —1
g — ”—':1—q—r(d+1,v) v > 1
v v - T v

fuol0) =1~
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as well as

5o USRI v ta = D1(0) = (V7 +o0)eB L 0)

Furthermore, for every nonnegative integer n we have

d
o (v”+1fv(n + 2)) =nv" f,(n+1)
and
n! dz
2 - vz 1 _ d

:Un+1z aand

where C' is any contour winding counterclockwise around 0.

Proof. The first two claims are straightforward calculations. For the last two claims, we use an

analogous argument to the proof of Proposition [16|to see that

o= v ()()

Multiplying by v”*! and differentiating each term of the sum with respect to v we get the claim

about the derivative of v"*1f,(n + 2) with respect to v. The last claim follows from Proposition

1 O

In the appendix, I prove that the coefficients aq(n, k) are log-concave in k, and use this fact to
prove several explicit bounds on connected to f and f,. Alternatively, we can get bounds of the same
quality with less work by using the saddle point method to estimate the integral f ev*(1— z)dsz%.

Either way, we can prove the following bound.
Theorem 24. Ifn,q,d > 1 with 4(n + q)® < d, and if v = d + q, then we have

nlen/2

o 2/2f (n+2) = fn(”“)/? —————Re (z’*" exp ( 5+q) \/>+ O( "+q )) edv.

In particular, when n is even, n,q < /v, and (3 + q)\/% has distance > ﬁ from the nearest
odd multiple of T, f, has a real root v between n and n + 2. Similarly if n is odd, n,q < /v, and
(5 + q)\/? has distance > % from the nearest multiple of w, f, has a real Toot v between n and
n+ 2.

Proof. This is proved in the first appendix, using the saddle point method (see Theorem . O
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Theorem 25. If R =2d+1 then vg —d > (c+ o(1))V/d, where ¢ ~ 5 is the positive solution of

the equation

/000 x31/2 min (sin2 ((% + c)\/f),coS2 ((% + c)\/E)) dr = 2me.

Proof. It’s easy to see that for any positive real root v of f,, we can find a quadratic polynomial ¢

such that ¢(0) =1,
2
0§q@)§<1—”>
k

for n € N, and at least one of ¢(|v]),¢gx([v]) is 0: for instance, we can take

) = (1)~ min <L1J (- M) o (1 H)) "

Thus, there exists a polynomial 6, of degree R such that 6,(0) = f,(0)?,
0> 0,(n) > (1 —n)f,(n)?

for n € NT, and such that for any positive real root v of f, at least one of 6,(|v]),8,([v]) vanishes.

Thus, we have

1_nfv _l)fv(l_VJ) LuJ ((V]_l)fv([y]) o
2L 2 i (= ]! |
n n Jo(v)=
V€R+
Set v = d + ¢ with ¢ = (¢ + o(1))V/d, and let vj be the jth positive root of f,. By the previous
Theorem, for j < /v we have

vy~ 2j 414 23 + 902 = 2j + O(V)).

Let F,(n) be defined by
-1 f, 2
Fv(n) — (n ).'f (n) ,Un_
n!
Applying the previous Theorem, we get

2
q

min (Fy, ([v;]), Fo([v1)) 2\6/21)7 min (sin2 (( +q)\/7) cos ((23]4—(])\/?)),

while from Proposition [I8] we have

(1 7n)f1)(n)2 n p
Z Tv ~ —\2me \%

n
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Thus, we just need
1 : : 2( 2j \/Z 2 (/2 2 q
/g min|sin +4q 7),008 (—7+q \/g) >\ 2r—.
;2 W < & ) (5 ) NG}

Writing 25 = /v, ¢ = ¢/v and approximating the sum by an integral, this becomes
1
/ —75 min (sin2 ((% + c%/nf),cos2 ((% + c)\/yf)) dz > 27e. O
o < /

What does the optimal lower bound polynomial 6 look like?

First we show that 2 is not a root of the optimal  when v = vg.

Theorem 26. Let 0 be the polynomial of degree R with 8(0) = 1 and 8(n) < 0 for all positive
integers mn. Suppose that 6(2) = 0 and that

Z@U” > 0.

Then there is another polynomial 02 of degree R with 03(0) = 1, 63(n) < 0 for all positive integers
n, 62(2) <0, and

Z 92(?) o™ > 0.
n!

Proof. Assume without loss of generality that 6 is of the form

9(n>=(1—n>H<1—Z) (1‘%-11)

%

for v; positive integers with v1 = 2, v;41 > v; + 2. Let 2k be the first integer which is not a root of

6 (it is necessarily even). Define 65 by

Then we have

() 02(2) 5 1 6(n 02) 4 1[Gk
nspy 2B 1 00 sy 10 .
Zn:n!“—+ R A T A S5

We claim that

02k) _ (162(2)]\"
(2k)! >< 2 ) '
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Since for any v > 2k we have

we just need to show that

el

but in fact the left hand side is a telescoping product which is precisely equal to the right hand side.

Thus
B (O ) >1|92;2>Uz;(1 (2420,2) >>O. 5

Based on the analysis in the previous section, it seems likely that the roots of the optimal 8 are

. (28)!
il Qk' Pl

1_H1_

v#2,2k

approximately the same as what we get by rounding the roots of the function f, up and down to
the nearest integers, and that additionally most of the improvement comes from rounding the small

roots - rounding the large roots seems to have little impact. Since the jth root v; of f, satisfies

vim 2+ 1+ 2(% +q)\/ 2

for j < /v, we get 2j +1 < v; <25+ 2 for j < /v. Thus, for large R there should exist a nearly

optimal sieve of the form

f(n) =(1-n) — 55 (1= o) - p(0)%,

i :jﬁ

where p is a real polynomial with p(0) = 1 and all roots of p larger than vg (note that 2 is the
only small natural number which is not a root of the above product). This prediction matches the

numerical data fairly well.

4.3 Stick-breaking

4.3.1 Stick-breaking process and the Dickman function

In the stick-breaking process (aka the Poisson-Dirichlet process - see [4] and [19] for more details
and a more rigorous treatment of the material in this section), we begin with a stick of length 1, and
cut it at a (uniformly) random location into two pieces. One piece is set aside, and the other piece
is again cut at a (uniformly) random location, and so on, until we’ve set aside an infinite sequence

of pieces whose sizes add up to 1. More formally, we might define it as follows.
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Definition 7. The sequence of random variables (z1, 22, ...) is distributed according to the stick-
breaking process if for each n, when we condition on the values of z1,...,z,_1, x, is uniformly
distributed between 0 and 1 — (x1 + -+ + Zp—1).

A nice property of the stick-breaking process is the following rearrangement principle, which I
think of as saying that the chance of a given piece of the stick being the first piece in the sequence

is proportional to its size.

Proposition 19. Let (x1,...) be distributed according to the stick-breaking process, and define in-
tervals Iy, ... by I = [0,x1), Is = [x1,21 + x2), ... so that the length of I, is x,,. If a is a uniformly
random point in the interval [0,1) (independent of the stick-breaking process), then the length of the

interval I, which contains a is uniformly distributed between 0 and 1.

Proof. Let f(u) be the probability that the length of the interval I,, which contains a is at most w.

By splitting into cases based on whether a € I; or a ¢ I, we see that

1
f(u) :/0 $11w1§u+(1—$1)f(ﬁ)d$1.

Since f(:=%-) is 1 when 1 — 27 < u, this can be simplified to

1711

2 2

1—u
fo=5+5+ [ A-a)f(edn

0
1,2
:u2—|—/ ° (v)dv.
u

v3

It’s easy to check that f(u) = u (for 0 < u < 1) solves the above. To see that this solution is unique,
we apply the contraction mapping principle on L*([0, 1]):

ténﬂm—uwuzlfklfﬁuw>—MMdu
SA{AEﬁM@W—MMdu

1
=3 [ o) —oia,

S0 fol |f(u) — u|du must be 0. O
We'll mostly be interested in the distribution of the sizes of the largest pieces of the stick.

Definition 8. We define the Dickman function p(u) to be the probability that all of the pieces of

the stick in the stick breaking process have size at most %
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Proposition 20. The Dickman function satisfies the identities

o) =+, | "t

-1

and

For any u > 0, we have the bound p(u) < ﬁ

Proof. Let (z1,...) be distributed according to the stick-breaking process. Since ﬁ - (xa,...) is

then also distributed according to the stick-breaking process, we have

1/u
plu) = / p((1 — 1))y,

Making the change of variables t = (1 — 1 )u gives the first identity. Differentiating the first identity
with respect to u gives the second identity.

Since p is decreasing, we have

1 [ 1
= — t)dt < — -1
pl) =3 [ ol < - plu=1),
so the bound p(u) < ﬁ follows by induction on |u]. O

One crucial computation we’ll need later is the following.

/000 p(u)du = /000 up(u)du = €7,

where v = 0.57721... is the Euler-Mascheroni constant.

Proposition 21. We have

Proof. Since p decays so rapidly, its Laplace transform

L@):L/e*mpuﬁdt

is entire. Multiplying by ¢ and integrating by parts, we get

tL(t) = —/p(u)de‘t“
= /e_t“p’(u)du
ettty
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Differentiating both sides with respect to ¢, we get

%(tL(t)) _ / e~ p(u — 1)du

=e 'L(t).

Dividing both sides by tL(t), we get

e—t

% log(tL(t)) = -

Since p(u) is 1 for 0 < u < 1 and is at most 1 for u > 1, we have

1 oo
lim tL(t) = lim t/ e "du = lim t/ e du = 1.
0 0

t—o0 t—o0 t—o0

Thus, we have
e*{l)

log(tL(t)) = —/too —dx,

T

SO

L(t) = %exp ( - /too e;wdx)

1 _ o
1—e* x
= exp (/ € da:—/ e—dz).
t x 1 T

Taking t = 0, we get

/p(u)du — L(0) = exp (/01 ! ’;ﬂdx - /100 gdz).

We need to show that the expression inside the integral is v. A quick way to do this is to write

1 1 !
1+7+,“+7:/ 142+ 42" tda
2 n 0

SO
1 1 11 _z\n n _z\n
2 n 0 1

63
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Taking the limit as n — oo, we get

1 — oo —

l—e@ x

¥ = / 7edx — / ¢ dx.
0 X 1 T
To prove the formula for [ up(u)du, we use the identity up(u) = [ | p(t)dt to get
/ up(u)du :/ / p(t)dt du
0 0 u—1
[e’e) t+1
= / p(t) / du dt
-1 max(0,t)

_ /p(t)dt ey 0

Random permutation model

Proposition 22. If o is a random permutation of {1,...,n}, then the size of the cycle of o which

contains 1 is uniformly distributed between 1 and n.

From this we see that if we normalize the sizes of the cycles of a random permutation o € S,
by dividing them by n (and sort the cycles in order of the least element of {1,...,n} appearing in

them), we get a discretized version of the stick-breaking process.

Corollary 5. Asn — oo, the probability that a random permutation of {1, ...,n} has all of its cycles
of size at most ** approaches p(u).

Prime factorization model

Let n be a random large number - chosen uniformly randomly from some large dyadic interval [y, 2y)

- with prime factorization n = py - -- pg. Define x; = 11((’)gg((’z)), so that Y x; = 1. I claim that in the

limit, the unordered collection of the x;s have the same distribution as the unordered stick-breaking
process. In order to approach this claim, we can apply Proposition [19| to reintroduce the ordering

- so we assume that the ordering of the p;s is randomized such that the chance of a given prime p

2
og(n
We need to check that log(p;) is approximately uniformly distributed between 0 and log(n), and

dividing n being first is equal to , and so on.

that the remaining prime factors follow a similar distribution. I'll do this by turning the problem

around: instead of starting with a random n, we start with p; and m = with p; a random

n
p1’
prime whose logarithm is (roughly) uniformly distributed between 0 and log(y), and m a number

chosen uniformly at random from the interval [, 12)—31’

distributed in [y, 2y). The key calculation is that for any z, we have

), and check that the product pym is uniformly

p<z
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log(p)
plog(y)

0 and log(y), and for a given n € [y, 2y) the probability that pym = n is then about

so if we choose p; = p with probability then log(p) is roughly uniformly distributed between

log(p) p _ log(n) 1
2 y ylogly) y

plog(y) v

pln

From the above, we expect that the proportion of z-smooth numbers (that is, numbers having

log(y) )
log(z) /"

precise bound for the number of z-smooth numbers has been proved by Hildebrand.

all divisors at most z) having size about y should be about p( In fact, the following very

Theorem 27 (Hildebrand [12]). If y = ° with y > 3 and

log(y)

1<s< —2 P
log(log(y))s*°

with € > 0, then

slog(s + 1)))

#{n <y |n is x-smooth} = yp(s) (1 + O€< og(y)

We can use this to quickly estimate the product Hp (1= %) The calculation goes as follows.
[a-p== > o
p n
p<z n z-smooth

log(y)
> P(Toeis))

/ 1 g( ) dy

1 Y

= /0 p(125) d1og(y)

= e"log(z).

Q

4.3.2 General process, colored permutations

We’ll motivate the general stick-breaking process by starting with a permutation model.

Definition 9. If x is a whole number, then we say that (, ¢) is a k-colored permutation on n letters
if 7 is a permutation of {1,...,n} and ¢: {1,...,n} — {1,...,k} is a compatible coloring of {1,...,n}
(i.e. c(i) = c(m(7)) for all 7).

Proposition 23. The number of k-colored permutations on n letters is
k(k+1)---(k+n-—1).

If (m,¢) is chosen uniformly randomly from the set of all k-colored permutations on n letters, then
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the probability that the cycle of m which contains 1 has size j is

kn—j+1)---(n—j+r-1)

n (n+1)---(n+r—1) ;(1_%’)%1.

Based on this, the general stick-breaking process is defined as follows.

Definition 10. The sequence of random variables (21, za, ...) is distributed according to the general
stick-breaking process with parameter x if for each n, when we condition on the values of x4, ..., z,,_1,

the fraction is randomly distributed on [0, 1] according to the distribution Beta(1, ),

Ty
1—(z1++xn_1)
which has probability density function ¢~ k(1 —¢)*~1.

The reader can check that the general stick-breaking process satisfies an analogue of Proposition
for any positive k. From the general stick-breaking process, we get the following generalization

of the Dickman function.

Definition 11. For x > 0, we define the generalized Dickman function p.(s) to be the probability
that all of the pieces of the stick in the general stick-breaking process with parameter x have size at

most L.
S

Proposition 24. For s < 0 we have py(s) = 0, for 0 < s <1 we have p.(s) = 1. For all s, we

have the identities .
ouls) = [ puttyirt
s—1
and

() = —h(s — 1) pa(s — 1),

Lo
[s]t-

For s > 0, we have the bound p,(s) <

An analogous prime factorization model can be given as follows. We consider the set of integers
n in a large dyadic interval [y,2y), and we weight them according to the size of 7,(n), which is

the number of ways of writing n as a product of x whole numbers when x € N*. Then we write
log(p)

n = p1 - P, where the chance of a given prime p dividing n coming first is equal to Tog(n) and set
7 — log(pi)
v log(n) -

Finally, we have the following important computation.

Proposition 25. For any k > 0, we have
/ pr(8)ds™ = e T'(k + 1).
0

Proof. Define L(t) by
L.(t) = /e_s’fp,i(s)ds”.
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Similarly to Proposition 21} we find that

L gt L(1) = .
and -
tlirgo t"L(t) = /0 e %ds® =T(k+ 1),
S0

Taking t = 0, we get
/ p(s)ds™ = L (0) = T(k + 1)e7*, 0
0

4.3.3 Toy counting problem: flexible numbers and permutations

Definition 12. A natural number n is y-flexible if for all 1 < x < y there are natural numbers a, b
with n = ab such that a <z and b < £.

Flexible numbers are convenient in the context of analytic number theory (see, for instance, [I5]

and Section 12.7 of [§]). So, it’s natural to wonder how common they are:
Problem 10. How many y-flexible numbers are there, as a function of y?
There is a convenient analogue of flexible numbers in the permutation setting.

Definition 13. A permutation o € S, is flexible if for all 0 < m < n there is a subset M C {1,...,n}
with |M| = m such that o(M) = M.

We have an analogous counting problem:
Problem 11. How many flexible permutations are there on n letters, as a function of n?

For n =1, ..., 6 the number of flexible permutations on n letters are, respectively, 1,1,4,7,46,221
(surprisingly, this sequence doesn’t seem to show up on OEIS).

As a first step, we have the following equivalent definition of flexibility.
Ezercise 1. Suppose o € S, has cycles of sizes ¢; < ¢o < -+ < ¢, (including 1-cycles), so that

> ¢; =n. Then o is flexible if and only if, for each 1 <4 < m, we have

1+ch ZCi.

J<i

In particular, o is flexible if and only if 2¢,,, < n + 1 and deleting the largest cycle from ¢ produces

a flexible permutation on n — ¢, letters.
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If you want to spoil the solution, essentially the same fact is proved in Proposition Defining
u(k,n) to be
1
u(k,n) = —{o € S, | o is flexible, with all cycles of size < k},
n!

we get the recurrence

u(k,n) = Z kmlm!u(k‘ —1,n — mk).

0<m< | L=k |

In particular, when 2k < n + 1 this gives us
1 1
Eu(k —1n—k)<u(k,n)—ulk—1,n) < Eu(l@n — k).
The above recurrence is a near-perfect discretization of the differential-difference equation

0 %u(x,yf:c) Yy > 25E,
a—u(x,y) = (u)
z 0 y < 2z.

This differential-difference equation has a “scale-invariance” property: if u(x,y) is a solution, then
so is u(Az, \y) for any A > 0. This property makes the long-term behavior very robust to errors
due to discretization: as x and y increase, we can rescale the coordinates back down, which has the
effect of shrinking the mesh of our discretization.

We make the following guess for the long term asymptotics of u(z,y):

u(x,y) ~ e

where f > 0 and f decays rapidly at infinity, and a > 0. This leads to a single-variable differential-
difference equation satisfied by f:

Csfl(s) IS s>

SCK

o

s < 2.

Playing around with this, we see that when « is too large, f changes sign occasionally: after rescaling
to make f(1) =1, we get

fo=1- [ Gt

=2

and in particular

3 ta—l
o=

so f(3) < 0 when a > 1.7. Presumably, when « is too small f will fail to decay sufficiently rapidly
at infinity.
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Time to cheat. Numerically, going back to the permutation case, we have

1(10,10) =~ 1.87306 x 1071,
u(100,100) ~ 2.2231 x 1072,
(10%,10%) ~ 2.2746 x 1073,
( )

( )

e

10%,10%) ~ 2.27972 x 107%,
w(10°,10°) &~ 2.28023 x 1075.

e

This suggests taking o = 1. By some miracle, when o = 1 we have the exact solution

p(s—1) s>1,

fs) =
1 s <1.
So we conjecture the long-term asymptotics
p(£-1)
u(z,y) < —2——=.
Yy

This leaves the natural question: how do we get our hands on the constant of proportionality in
the above asymptotic? Since the asymptotic might take quite a while to kick in, simply comparing
the two sides for various choices of x,y doesn’t seem like a good approach, especially if we want
error bounds. Instead, we will use the following conservation law, which is fairly guessable once you
know what to look for (this type of conservation law is closely connected to the adjoint equations
that appear in the theory of differentiable-difference equations - for the theory of adjoint equations,
see Appendix B of [§], [13], or [31]).

Proposition 26. If u(z,y) satisfies , then the value of integral

/y . u(z,y)dy

=x

is independent of x.

In fact, using the above conservation law, we can see that the only possible value for « is 1. Since

/Oo(s—l)p(s—l)ﬁ:e"’—l,

=1 S

our asymptotic becomes:

)

ery) ~ [ JEeY =D o = 1)
e (e —=1)c y
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for ¢ any constant greater than 0.
Now we come back to the problem of estimating the number of flexible permutations. According
to the above analysis, the proportion of flexible permutations on n letters should grow like
p(y—-1) C

u(n,n)%CT:g,

and the constant of proportionality C' should satisfy

Zn> (n - k)u(kv TL) an (TL +1- k)u<ka TL)
k(e’Y ok ¢ : @ — 1)k ’

since the left side increases and the right side decreases as k increases, and in the limit they are both
equal to C. When k = 1, we get 1.28029 < C < 3.4802. When k = 10, we get 2.11614 < C' < 2.39521.
When k = 100, we get 2.26265 < C' < 2.29171. When k& = 1000, we get 2.27851 < C' < 2.28144.

An analogous analysis should show that the number of y-flexible numbers is proportional to

@7 and that more generally we have

1
#{a-smooth y-flexible numbers} < p( o8(y) _ 1) Y

log(z) log(y)

with a computable constant of proportionality - but in order to get the error bounds on the constant,

we will probably need to use explicit forms of the prime number theorem.

4.4 True size of the sifted interval

In the case kK = 1 and A = [1, y], the size of S([1, y], z) can be computed explicitly. Before computing

the true size, let’s compute the naive guess for its size:

S(Lyla)~[[a-1) y~ 2

s eVlog(z)

log(y)
When Tog (=)

However, when

is large, this approximation is accurate (by the Fundamental Lemma of sieve theory).

log(y)
log(z)

is smaller, this guess is off by a constant factor.

Proposition 27 (Lemma 12.1 of [§] and surrounding remarks). If s > 1 is fized, then if y = 2° and

z — 00 we have

S([L,yl,2) = (w(s) + (1))

)

log(2)

where w(s) solves the differential-difference equation

§>2 = %(sw(s)):w(s—l)
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and has the initial condition

1<s<2 = sw(s)=1.

For s large, we have w(s) = e~ 7 + O(s™%), and w(s) — e~ changes sign in every interval of length
1.

The function w(s) is called the Buchstab function.



Chapter 5

Selberg’s sieve

Recall that there are two perspectives on any collection of sieve weights: the weights Ay themselves,

and the associated function 6 given by

0(d) = M.

k|d
To check that the weights form a valid sieve, one checks that 6(d) > 0 (for an upper bound sieve)
or 0(d) <0 for d| P,,d > 1 (for a lower bound sieve). To check that the error term is manageable,
one checks that the weights A\q are supported on d < y and are not too large. In the case of the
model problem, we think of the A\4s as coefficients (in the binomial basis) of a polynomial 6, which
naturally suggests that we should try taking 6 to be a square in order to get a good upper bound
sieve.

The Selberg upper bound sieve corresponds to choosing (A, #) such that

for some sieve (¢,6") with £4 supported on d < ,/y, and chosen such that 6(1) = #'(1) = 1. In other

words, we have ,
6(d) = (Zed) .
k|d

Solving for the Ags, we get

=Y lala,,

[d1,d2]=d

where [dy, ds] is the least common multiple of dy and da.

72
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The main term of the resulting sieve is

S 5 S

d| P, [dy,d2]=d
d1,d2<\/y
_ Z edlﬁ(dl) EdQH(dg) (dl, dg)
d1,d2<\/g dl d2 H((dladQ))

Our goal is to optimize this quadratic form in the £4s, subject to the linear constraint /; = 1. At
this point, the reader is encouraged to stop reading and try deriving the optimal choice for the £4s
(as well as the resulting upper bound on S(A4, z)) themself, just to see how straightforward it is.

By Mo&bius inversion, we have
d _ Z H p — K(p)
w@ ~ 2= TG)
so if we make the definition

on(d) =0 — x(p))

then we see that our main term is equal to

Ca, r(dr) La, r(da) Pr(e) pr(€) tar(d)\?
Z ddllddgz Z /@(e)zzn(e)(de )

d1,d2<\/y el(d1,d2)

Define the variables & by

By Mobius inversion, we can express the £4s in terms of the & s by
b= pld) 3¢
d — u’ K',(d) dl e

Since A\; = ¢1 must be 1, the & are constrained by

D=1,
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and since the £; are supported on d < ,/y, the & are also supported on e < ,/y. Applying Cauchy-

Schwartz to our formula for the main term of the Selberg upper bound sieve, we get

> Aaki(d) T <P~(€)§2 S 1
d|P; d e| P, ri(e) Z;\f}::(ez)
e<\y exVY

with equality when the &, are proportional to :(fe)) and ) & = 1.

Now that we’ve found the main term, we just need to check that the error term is small - that

is, that the Ags are not too large. Solving for the /48, we get

= (S (T o)

dle|P- vx(e) . ex(e)
e<\/y e<\Y

e|P,
[de]<\y e<\y

$0
0 < p(d)lqs <1.

In particular, we have

Ml Do 1<3
[d1,d2]=d
d1,d2<\/y

Summarizing, we have the following general result.

Theorem 28 (Selberg upper bound sieve). If A satisfies
Kk(d
(44 = D)+ R,
with k multiplicative and k(p) < p for all p, then for any y we have

|A|
‘S(Aa Z) < w(d) + E ‘R[dl,dz] |a
d|P. o (d) d1,d2| P,
d<\/y d1,d2<\/y

where o (d) = Hp|d(P — K(p))-

In order to apply this, we need to estimate the sum
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which appears in the denominator of the main term. As a quick sanity check, note that if we take

3t~ L= =I5

— K
d| P, p<z p p p<z

y to oo, we get

which is the inverse of the expected main term. In [28], Selberg gives a quick way to bound the main

term for general y and x using Rankin’s trick.

Proposition 28. If " __ #, ng(p) = rlog(z) and s = }gizg, then
K k(d)
H(lf—p) Z Zlfexp<f§10g(ﬁ)fn>.
p<z P e, ()
A<y

In particular, we have

Proof. For any § > 0, we have

MO-2) > 20— -2y 2@

p<z p dd<|1\3/z’ p<z dd“j'}
VY >y
N _@). N GOl
= pll (1 p) Y %; @r(d)
— 1 y0/2 _ FopD’
(%) (1 220
—1-y ] (1+ p(p° f1)>
p<z

Now we use the bound 1 + x < e” to see that this is

S 1 -y exp (Z rp(p® — 1))

p<z p

1
oy e (2 fols))
log(z) 7 »

z

=1- y_6/2 exp(/f(z‘S —1)),

where the second inequality follows from the fact that £ ;?pl) is an increasing function of p. Taking
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log(57-)
d= 1§g(2.:) , we get
K k(d) , ,
1——p) Zl—exp(—ﬁlogi—i-mi—l) O
M- 2 3 log(z5) + (3 — 1)
d<\/y

Corollary 6 (Fundamental Lemma of Sieve Theory). For any fized k, we have F.(s) < 1+
exp(—3 log(s) + O(s)) and f.(s) > 1 — exp(—3 log(s) + O(s)).

Proof. The bound on F}, follows the previous proposition. For the bound on f,, we can apply

Buchstab iteration once to see that

fR(S)Zlfi Fo(t—1)—1dt*

s t>s
>1 —/ exp(—1%log(t) + O(t))dt
t>s
> 1 —exp(—3 log(s) + O(s)). O

Now we’ll try to find the asymptotic for the main term of Selberg’s sieve. If we have z > |/,

" K(d)
d;/y ‘Pn(d)’

then we wish to estimate the sum

where the ' indicates that the sum is over squarefree numbers only. Setting

o) =TT+ = 55)

— S
. P = Fp)p

Perron’s formula gives us

1 ct+io00 S
ZI n(d(; :T/ g(s)ﬂds,
d<./y 9011( ) T Je—ico

for any ¢ > 0. Writing G(s) for the ratio between g(s) and ((s + 1)* (which is analytic in a
neighborhood of s > 0), and using the fact that ((s + 1) has a simple pole with residue 1 at s = 0,

this comes out to

1 c+tioo K,\/?js B log(\/zj)ﬁ
B J, o, GO T = (GO0) o) 77y
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and we have

G(O)zl;[(1+ fp )(1—1)”

D — Kp p
=(1+o)]] (1 + pi) (1 B %)N
o(1) WA
Thus, we have (d) log(/%)
Fip r k(d ° i
(%) 5 = wvres e+

p<z d<\/y

Now we want to restrict the sum to z-smooth d. Since the summand corresponding to d is

weighted by =~ 7,(d), we expect that the weighted proportion of summands of size about w which

log(w)
log(z)
probability weighted by 7,(d), are governed by the general stick-breaking process with parameter

happen to be z-smooth is about p,( ) (since the prime factors of a randomly chosen d, with

k). Thus, if y = 2° we predict the following asymptotic:

Ky R(d)  Jy palt)dt”
I1 (1 ; ?) 2 (d) esﬂr(mr 1) +oll).

p<z qp. °F
A<y
Defining ‘
2 p.(t)dt"™
a(s) = M,
e I'(k + 1)
we have
5" (s)*; 0<s<2
73 = e " T (ks + 1) =
(5% 0x(5)) = —ks " Lo (s — 2) s> 2.

Proposition 29. If o, is defined as above, the Selberg upper bound sieve gives us the bound

F.(s) < ()

5.1 Asymptotic formulas for the Selberg sieve weights

Recall that we have

A=Y lala,,

[d1,d2]=d
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and

@ S5 esle) N o
e<\/y/d e</y
ged(d,e)=1

We can modify the argument of the previous section by leaving the primes dividing d out of the

product defining g(s) to see that if z > /y/d, we have

Kp k(e Kp log(\/y/d)"
H (1 B 7) Z cp:(e)) ~ g <1 a ?) - e’Y"F(i —l\-/?) log(z)*

p<z p e|P,

e<\/y/d
ged(d,e)=1
puld)  logl(y/F/d)"
d ek + 1)log(z)"

Approximating the effect of restricting to z-smooth summands by using the general stick-breaking

process with parameter x, we get the following approximation.

log(y)

Tog(z) U = log(d) 1 ¢ is defined to optimize the Selberg upper bound sieve

log(z)

Proposition 30. Ifs =

of dimension K, then '
27 (t)dt"
g~ (ay Jo_— LD
f02 pr(t)dtr
When s goes to co this becomes

p(d) if d < \/y,

0 else,

gd%

and when s < 2 it becomes

- log(d) \*
fax M(d)(l - log(\/§)>+'

The only case in which the Selberg upper bound sieve is known to be optimal is when x = 1 and

s < 2. In this case the Selberg sieve is given by

log(dh) )+ (1 log(d2) )+7

dampld) 3 ) (1= 0o (1=

[dl,dz]:d
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For d < ,/y, we have

5.1.1 Unexpected pathology of the Selberg sieve weights

It’s reasonable to conjecture that in any good sieve, Ag should have the same sign as p(d), and
should furthermore be bounded by 1 in absolute value. Here I'll give an example where this is not

the case. This example will even have kK = 1 and s = 2, where the Selberg upper bound sieve is

known to be optimal.

Proposition 31. Suppose that k = 1 and y = z>. Suppose d is a product of 9 primes, all of which

79

are close to yT12 = \/37%. Then the Selberg sieve weight Ay is approzimately % > 1, while p(d) = —1.

Proof. This is a straightforward calculation:

() D02 (6D



Chapter 6

Computability of the sifting
functions f., I - review of

Selberg’s work

Let A be a (possibly weighted) set of whole numbers, and for each positive integer d set Ag = {a €
A,d | a}. Let & be a real number and by abuse of notation let x : N — R be a multiplicative function

satisfying 0 < k(p) < p for all p, and

S k(p) logp(p) — (5 + o(1)) log(z).

p<z

Suppose that z,y are such that for every squarefree integer d, all of whose prime factors are less

than z, we have
Y
14l = 5(@)%] < w(a), (6.1)
or alternatively such that for some fixed € > 0 and every such d we have

14al = (@3] < w(@) g (62)

In particular, we have |A] = y + O(1) in the first case, or |A| =y + O(y/log(y)?*¢) in the second

case. We want to estimate the quantity

S(A,z) =|{a € A,Vp < z (a,p) = 1}].

80
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Suppose now that y = 2%, s a constant, y, z going to infinity. Define sifting functions fy(s), F.;(s) by

(L+o() fu(o)y [T (1 - F";p)> <S(A2) <A +oW)E(s)y ] (1 _ “;P)> ’

p<z p<z

with f.(s) as large as possible (resp. Fi(s) as small as possible) given that the above inequality
holds for all choices of A satisfying (6.1). Selberg [28] has shown (in a much more general context)
that the functions f,;(s), Fi(s) are continuous, monotone, and computable for s > 1, that they do
not change if we replace with , and that they tend to 1 exponentially as s goes to infinity.
We’ll go over the arguments used to prove these claims in this chapter.

More specifically, we’ll see that f,(s) and F(s) can be defined as follows. Let M be the collection
of all finite multisubsets of [0, 1], and for S € M let 3(S) be the sum of the elements of S and |S|
be the number of elements of S (both counted with multiplicity). When we write sums like > 4 ¢,
we also count subsets A with multiplicity, so such a sum will always have 2/ summands. I_Jet
A: M — R be a piecewise continuous function supported on S with ¥(S) < 1, and define a function
0: M — R by

0(S) = > A(A).

ACS

We say that (A, 0) forms an upper (resp. lower) bound sieve with sifting limit s if A is supported
on multisubsets of [0, 1], 6(0) = A(@) > 1 (resp. 6() < 1), and (S) > 0 (resp. 6(S) < 0) for all
S C [0,1] with [S| > 1. Then

. X kno [ 3 dzy dx,
F.(s)= f — O(x1, .oy ) — -+ ——, 6.3
(®) (Afg)zonzz:o n! /0 /0 () o, (63)

where the infimum is over all upper bound sieves (A, #) with sifting limit s, and there is a similar
formula for f(s) (note that when f,(s) = 0, we will typically have A\(})) = 0).

6.1 Setup

log(y)
log(z)

as well as a sequence of asymptotically good sieves (M, 67) with

We assume that s = and k are fixed, and that there is a sequence 21, 29, ... going off to infinity

67(d) => N,

k|d

such that 67(d) > 0 if these are upper bound sieves, or 67(d) < 0 for d | P.,,d > 1 if these are

lower bound sieves. If these sieves are any good, then in particular their error terms must be under
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control, so we must have

Z IN|k(d) < z;.

d|P..
J

Finally, we assume that the main terms of these sieves approach the optimal main terms. The

following formula is crucial.

Proposition 32. If (X, 0) satisfy 6(d) = Zkld Mg and k is a multiplicative function, then we have

Aar(d) K (p) 0(d)x(d)
> dd 7H(17 p >Z Pn(d)

d‘Pz p<z d‘Pz

where @, is the multiplicative function given by p.(p) = p — k(p).

Thus, we assume that

g F, if (M, 09 bound sieves,
lim Z M: (s) if ( ) are upper bound sieves
j—00 lpn(d)

dP., fx(s) if (M, 67) are lower bound sieves.

6.2 Ignoring the small primes

In this section, we’ll show that we can basically ignore the small primes without affecting the main

terms of our upper and lower bounds too much. The argument here is based on Section 6 of [28].

Theorem 29. Let P1,Ps be two disjoint sets of primes, let P; = HpePf, p, and suppose we have
upper and lower bound sieves (\VF, 0%F), with /\il’i supported on d | P;, )\’fi =1, and

£ E(d) = £ AT >0
k|d

for d | Pi,d > 1. Then we can define upper and lower bound sieves (A, 0%) for the set of primes
P=P1UPsy by
Af = APEALE 0T (d) = 01T (dh)0% T (da)

and
A7 = AN AT AL, 07 (d) = 01 ()0 (do)— (0T (d1) 0" (d1)) (0% (d2)— 0% (d2)),

for d | P=1],cpp, where d; = ged(d, ). If

D (d e K
ZAdd -5l (1- p) szﬂﬂ(l—pp),

d|P; PEP; d|P; PEP;
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then we have

S D P (1-1). S (1),

d|P pEP d|P peEP

where
F=FF, f=fifs—F - H)(F— fa).

In particular, if F1, fi =14 O(e) and fa, F» = O(1), then
F=F+ O(E), f=rfo+ O(E)

Corollary 7. Let n > 2¢ > 0. If P,e, = Hz€§p<zp and we have upper and lower bound sieves
(A%, 05F) such that the )\Z’i are bounded by a constant C' and supported on d | Pye , with d < z°7"
and £0%(d) > 0 for d | Pse .,d > 1, then we can construct upper and lower bound sieves (A%, 6F)
with the )\di bounded by 3C - 3*Y and supported on d < z°~"/2, £0%F(d) > 0 for d | P,,d > 1, and
such that if

€,—

> A g ] (), S Ay (1),

d|Pe . z¢<p<z d|Pe z¢<p<z

with fe, Fe = O(1), then we have

Ay k(d) »
S A FIT (- ) A (- ),
d|P, p<z d| P, p<z
with
F=F.4+0( %), f=f+0(%).

Proof. Apply the previous theorem, using the Fundamental Lemma (see Corollary @ upper and

lower bound sieves supported on d | Pye,d < 2"/2 to handle the primes below z¢. O

Note that conversely, starting from any upper bound sieve (AT, 07), we can restrict the support
of )\j to d | Pye , to get an upper bound sieve for the set of primes between z¢ and z, and that the

main term of the resulting sieve will only improve, since the new main term is equal to

+( +(
> Tond <y e
d|Pe . () d|P;
Similar reasoning holds for lower bound sieves.
We can also prove that the sifting functions F(s), f.(s) are continuous in s, by taking a given
sieve, increasing z a little bit, and using a trivial sieve (such as the union bound) to handle the new

large primes.
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Proposition 33. The functions F,(s), fx(s) are monotone and continuous in s.

6.3 Bounding the sieve weights

This argument is from Section 5 of [28§].

First, note that we have

Aak(d) K(p) 0(d)x(d)
3 ] (- ) 5 0

S0
0(d)x(d)
zd: or(d)
is asymptotically equal to either Fy(s) (if (A, ) is an optimal upper bound sieve) or to f.(s) (if
(A, 0) is an optimal lower bound sieve). In particular, this quantity remains bounded.
Our goal is to show that |\g4| is in some sense bounded on average. We do this as follows: first,

we let P,c . be the product of primes between 2¢ and z. Then from

Ao =37 d/k)0(k)

k|d

we have

d|Pe . d|Pe . k|d
k(d 0(k)|k(k
<y 2)2\ ( )kl (k)
d|P.e , k
Kp |0(k)|r(k)
= zggq (1 T ) ; ©r (k)

K

Asymptotically, the first factor approaches ¢=*, and the second factor approaches either Fi(s) or

2 — fx(s). Summarizing, we have the following bound.

Proposition 34. If (A, 6) is an upper or lower bound sieve whose main term is C - Hp<2(1 — ),
then for any € > 0 we have

Z Liid) [Aa| < max(C,2 — C)e"’”‘o(l).

d|Pe,.
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6.4 Averaging argument

The argument in this section is based on Section 8 of [2§].
Suppose we have a sequence of z; and a sequence of upper or lower bound sieves (M, 67) with

)\gl supported on d | P,;, with remainder terms bounded by

> )Xy < =,

d|P,

and main terms satisfying

. 07 (d)k(d
Jim > DD & (h(9). (o).
We want to somehow average out these sieves to get an asymptotic sieve which gives a similar main
term. To do this, we first fix some small € > 0 and ignore all the primes below zf. Next, we will
divide the collection of primes between z5 and z; into N ranges (N large but fixed), and treat all of
the primes in a given range the same way. To define these ranges, we choose a geometric progression

to,...,tny with tg =€, ty = 1, and for a fixed j we set
. tz—l ti
Pi—{zj §p<zj}.
Note that asymptotically, we have

3 ™2 = (k+ (1)) (loglog (L) — loglog(2} 1)) = (k + o(1)) log(;4) = & N o(1). (P)
PEP;

We now define functions ng,e(ilv vy ig) by

J
> Ay -opy B(D1PR)
PlE'Pq‘,l,--.,I.)ke'Pq‘,k P1PR
P1,...,pk distinct

egv,e(ilv"'vik) = % (p1-pr)

Zplepil vosPk€Psy p1oDR

= <L+O(1))k Z )\g,l...pk/{(pl...pk)
klog(1/e€) P Toep, 1Pk
Piye5Dk distinctk

for 1 <iq,...,7; < N. By the previous section, we have

6 (i1, )] < (1;?1/) +o1)) max(Fuls),2 — fu(e)e ),

so the averages 63\,76(1'1, ..., %) are bounded in absolute independently of j. Thus by compactness we
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can choose a subsequence ji, ... of the js such that the limits

f]\/‘,e(il, "'7ik) = mlgnoogg\}yze(ll, ...,ik)

exist for all 1 < iq,...,4; < N. The ¢y s will become our blueprint for a sieve which has a nearly
optimal main term.
Next we prove the support of the functions ¢ . is small. Suppose that 1, ...,%; have t;; 1 +-- -+

ti,—1 > s. Then for each j, by our assumed bound on the remainder terms we have

j . . N k 1 '
wg\[,e(ll,...,lk)' < (ﬁ—i—o(l)) 7 Z |/\;1...pk|l€(p1---pk)
K og( /5) z; -t z; k P Toeps,

P1,-..,pk distinct
N k 23
—_ 1) N
< (mogu/e) +o(l) BTSN

and in the limit this goes to 0. In fact, the same argument shows that we have the slightly stronger
bound

lim > [ (i1, yin)| = 0.

j—o0 . -
’Ll,...’LkSN
tig—1ttty —1>s

Finally, we can define a sieve (A€, §™:€) on the primes between z¢ and P by the simple step
function
A e = ne(i +2, i + 2),

for p1 € Piyy sk € Piy, b1, .8 < N — 2. Then )\g’f.pk is supported on p; ---pg such that

if p; € P;;, we have Zj ti;+1 < s. Since t;; = el/Ntin, this gives Zj ty; < e/Ng, so )\g’e is

supported on d < 2"""s_ Since the /\(Iiv’es only take finitely many different values, this gives us the
remainder bound

/

Z r(d)|N)| < 25 log(2)".

d|P.

If the (\,67) are all upper (resp. lower) bound sieves, then (A€ 6V:€) is also an upper (resp.

lower) bound sieve, since we have

. _ N Nk 07 (qu - - qi)r(qr - - qr)
ON<(py -+ pp) = (7)> lim 3 k K

klog(1/e nHooql67%1Jr27_“7(1kEpik+2 rlqr - qr)

q1,.--,qk distinct
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for p1 € Piy, ..., Pk € Pi,,. The main term is

N
. 0 (p1 - pr)k(p1- i)
lim E E ( )
Z—> 00 e
. k=0 P1EPiy PR EPy, Pre\P1 " Dk
11,00k SN=2 py . pp distinct

: 07 (qr - - q)rlqr - - k)
= lim E E ( ]
m—»o0 e
) k>0 q1€Piy 42,-,qu €Pij 42 Pridl %
01,0ty SN—=2 q1,.--,qx distinct

jm
= lm ) 9“%;“0,
m—00
dlsz(N—z)/Nyz P

which is closer to 1 than Fj(s) if it is an upper bound sieve or closer to 1 than fy(s) if it is a lower
bound sieve.

Finally, we have to incorporate the primes below z¢ and the primes between 2’ and 7 into
our sieve. The effect of incorporating the primes between 2" and z is small as long as /N is
sufficiently close to 1, by the continuity of Fy(s), f«(s). Since )\fiv’e is supported on d < zel/Ns, if we
take n = (1 — €'/N)s, we see that the effect of incorporating the small primes is small as long as n/e

is sufficiently large, by Corollary |7l If we choose € = % then we will have

log(N o 2
1—¢e/N = gjﬁf )—i-O(ngS,];[) )7

so the effect of incorporating the missing primes will go to 0 as N — oo.
Summing everything up, we have shown that there are near-optimal sieves having the following

very simple form.

Theorem 30. For any k,s with s > 1 and any 6 > 0, there is an n > 0 and there are upper and
lower bound sieves (\*,0%) such that )\di is supported on d | P, d < z°~", with |)\Cjﬂ < 39 for all

d, and such that the main terms have

0D g
d| P,

and
SCRCLLIPN

d|P.
Moreover, these sieves can be built by combining a fundamental lemma sieve to handle the small

primes with a sieve having “piecewise constant” sieve weights Aq to handle the remaining primes.

As a consequence, we can show that replacing the assumption (6.1) with (6.2) does not change

the main term of the sieve.
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Corollary 8. Suppose that A satisfies

Y Y
Agl — k(d)=| € K(d) —F5—
for some € > 0, and that sieve weights A\gq are chosen as in the Theorem (with k, s, fized). Then
the remainder term in the resulting sieve is asymptotically smaller than the main term, that is, we

have

y y
> alk(d :
q et )dlog(y/d)”””+ © < Tog(y)eFerom

Proof. Since the Ay are supported on d with d < z*~" (with n > 0 depending only on 4), we have

log(y/d) > nlog(z).

Plugging this in, we get

Y |Adlk(d)
E A E .
Pl dlog y/d)%*f < Tnlog(2))+e . d
By the argument of Proposition [34] we have

ZM“ <H(1+ )max(F,{(S)—l—&Q—fﬁ(S)—l—é)<<10g(z)”+0(1).

p<z

Putting these bounds together completes the proof. O

6.5 Selberg’s proposed algorithm

Based on the argument in the previous section, we can extract an algorithm (Algorithm for
approximating F(s), taking a parameter N and producing an upper bound on F(s) as output. If
we trace through the argument used in the previous section more carefully, we can extract explicit
bounds on how big we need to take N in order to guarantee that our upper bound is within ¢ of the

true value of Fy(s). The algorithm for computing fy(s) is similar.

6.6 Combinatorial reformulation of sifting functions

At this point we can give formulas for the sifting functions Fj, f, which have nothing to do with

number theory, and are purely combinatorial in nature. We will replace the set of primes below

z = y% with the interval [0, %]7 with the prime p corresponding to the real number 1o§g; ;, and we
will replace the collection of d | P, with the collection of subsets of [0, 1], with d corresponding to

lo (p)
{Toawy | P 1d}-
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Algorithm 2 Approximate F(s)

1: procedure APPROXIMATE-F'(k,s,N)
2 Set € + ﬁ
3 Set t; « el % for 0 <i < N.
1
4: Define N' € N¥ by N < {(n1,...,ny) | vazl n;t; < eV s}
5
6

Uz

Define ¢ : N'— R by cq(ny,...,ny) Hf\;l %(m%) " > see (P))
Let Cp be the (convex) set of A : N'— R such that A\(0) = 1 and such that for all (n1,...,ny) €
N we have Yo M@ [T1, (%) > 0.
Find A € Cxr such that ) __\-c«(€)A(€) is within e of its minimum value. > see Section
8: Set n + (1 — €/N)s.
9: Set F < 1 . > We have F(n/e) < F; by Proposition [28
1—exp (_% log( 2€ZH)_K)
10: Set Fy <= €% oo ncu(@)A(E).
11: return F| F. > Fy Fy is an upper bound on F(s) by Theorem

3

Definition 14. Let M be the collection of all finite multisubsets of [0, 1], and for S € M let
¥(S) be the sum of the elements of S and |S| be the number of elements of S (both counted with
multiplicity). When we write sums like Acs» We also count subsets A with multiplicity, so such a

sum will always have 2/ summands.

Definition 15. Let A : M — R be a piecewise continuous function supported on S with X(5) < 1,
and define a function 6 : M — R by
S) =D A4

ACS

We say that (A, 6) forms an upper (resp. lower) bound sieve with sifting limit s if A is supported
on multisubsets of [0, 1], 6(0) = (@) > 1 (resp. 6() < 1), and 6(S) > 0 (resp. 6(S) < 0) for all
S C [0, 1] with [S] > 1.

Theorem 31. We have

dxl dx,,

inf Z 0(xy,...,x cee—

(X.6)>0 4 n! ,7:1 Tn

dxl dx,,

fu(s) = sup Z ' 0(xy,....,x cee—
No)y<o,—p ™ $1 Tn

where the infimum is over all upper bound sieves (A, 0) with sifting limit s, and the supremum is

over all lower bound sieves (X, 0) with sifting limit s.



Chapter 7

Optimized Combinatorial sieve

7.1 Basic principle

Proposition 35. Suppose that g satisfy A1 =1, and for any d | P, and any prime p < z which is

smaller than all the prime factors of d we have
Ad + Apa < 0. (©)

Then
S(A,2) =2 Z AdlAdl.

dlpz
Similarly, if for all such d,p we have Mg + A\pg > 0, then S(A4,z) < Zlez AalAal.

Proof. We just need to show that for any n | P, with n # 1, we have
Z Ag < 0.
d|n

Let p be the least prime dividing n. Then by , we have

Z)\d: Z )\d—l—)\pd <0.
d|n d|n/p

The upper-bound case is similar. O

Definition 16. Any collection of sieve weights A4 satisfying the assumptions of Proposition [35] is

called a combinatorial sieve.

By linear programming duality and the fact that each constraint involves just one or two variables,

the optimal choice of weights Ay satisfying condition has the property that each \g is either

90
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equal to 0, or equal to —Ag/,, where p is the least prime dividing d. By induction of the number of

prime factors, we see that for each d | P, we have

Aa € {u(d),0}

in an optimal combinatorial sieve. If it is an optimal lower bound combinatorial sieve and d has an
even number of prime factors, then for each prime p less than the smallest prime factor of d we must
have \,q = —\q in order to satisfy (C).

What are the possible “pivots” of this linear program? For each d with an even number of prime
factors, we can toggle whether the value of A4 is determined by A\g = 0 or Ag = —Ag/,. If Ag/p, =0,
this has no effect, leading to a large amount of degeneracy in the corresponding linear program. If
we toggle the value of Ay from 0 to 1, then the mapping k — A4 for k£ having all prime factors less
than the least prime factor of d defines a combinatorial lower bound sieve with z replaced by the

least prime factor of d.

Proposition 36. If we choose sieve weights Mg for d | P, defining a combinatorial lower bound sieve

with %‘i > 0 in order to minimize the quantity

e, Adl
LY
d

w(z) = min
(Ad)a|p, comb. lower bound sieve Zd\P
z

then for each d with an even number of prime factors, with p the least prime dividing d, we have
A= —Aijp = dw(p) <w(z).
More explicitly, if d = p1 - pm with 2 > p1 > -+ > py,, then

\ w(d) VEk s.t. 2k <m, p1 - pagw(par) < w(z),
d pu—

0 otherwise.

Proof. We just have to figure out which pivots are advantageous. Suppose that dy has an even
number of prime factors, with p the least prime dividing dp, and that currently we have \g, = 0 and
Ady/p = —1. We would like to know whether toggling the value of A4, to 1 can help. Let ()\;C)]ﬂpp

be a combinatorial lower bound sieve, so that the new value after toggling A4, becomes

>ap. 1Al + 2k p, 1A%
A e
2oap. &+ 22mp, Gk

Since % < 2 if and only if g < 2 (for positive a,b,c,d), this represents an improvement if and
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only if

Zk\P |)‘k| Zd|P | Ad|
Zk\P * ZdIP X

Since the least possible value of the left hand side is dyw(p), we see that Ay, should be toggled to 1
iff dow(p) < w(z). -

We can generalize this slightly to the case of giving good bounds in intervals which are signifi-
cantly larger that w(z). Define sets D;‘fy by

D,,=1{p1-Pm | 2>p1 > > pp, Yk st. 2k <m, p1 - paw(par) <y}, (D7)
D+y ={p1-Dm|2>p1> - >pm,Vhst. 2k+1<m, p1-- pogrr1w(par+1) <y} (DY)

Proposition 37. If A is an interval with |A| = y, then the best combinatorial lower bound sieve

S(A,z) > Z u(d)|Agl Z( Z %)y—ﬂ);y,

deD;, deDz

gives the bound

and the best combinatorial upper bound sieve gives the bound

s < Y pdlads (X )y oL,

deDy, deDy,

where Dzi’ are given by (D~)) and @ with w(p) defined as in Proposztzon .

Making the asymptotic approximation
w(z) = 2P,
we recover the §-sieve, which is given in the lower bound case by

\ w(d) Vkst. 2k<m, p-- 'pzkpgk < 25,
d =

0 otherwise,

and given in the upper bound case by a similar formula where the role of odd and even are inter-
changed.
While it is easy to prove that j(P,) < w(z), in fact we can do slightly better by treating the

prime 2 specially.

. : w(z)
Proposition 38. If z > 2, then j(P.) < —~.

Proof. We just need to show that j(P,/2) < w(z)/4. This will follow if we can show that for odd d,

we have d € D if and only if 2d € D_ ) (since the effect of including the prime 2 on the value

z,w(z)



7.2. THE COMBINATORIAL SIEVE AS THE LIMIT OF BUCHSTAB ITERATION 93

1 = 4). If d has an even number of prime factors this is trivial, so
2

of w(z) is then multiplication by =
assume d has an odd number of prime factors. Let d = p;y - - - pag41, wWith 2 > p; > -+ > pagy1 > 2.
If k£ = 0, then we need to show that p; - 2 - w(2) = 2p; < w(z), that is, that w(z) > 2z for all
z > 3. If k > 0, then it is enough to show that py - pogy1 -2 - w(2) < p1---pak - w(p2k), that is,
that 2pog41 < w(pak): again, this will follow if we can show that w(z) > 2z for all z > 3.

So it remains to show that w(z) > 2z for z > 3. For small values of z, this can be checked by

hand. For large values of z, we can use the fact that w(z) > j(P,) > % by Theorem O

7.2 The combinatorial sieve as the limit of Buchstab iteration

Buchstab iteration is based on the identity

S(Az) = Al =) S(4,p).

p<z

Applying this twice (to avoid dealing with upper bound sieves), we get

S(A,2) = Al =Y 141+ Y S(Ayg,q)-

p<z q<p<z

In order to get a good lower bound, we will only keep summands S(A,q, ¢) such that we can show

S(Apq,q) > 0. In the case A is an interval, we see that we can show S(A,,,q) > 0 when

|A|
w < |A,.| = — +O(1).
(9) | pq| g ()

Thus, keeping the summands with pqw(q) < |Al|, we get

S(A,2) 2 Al =D 141+ Y S(Apgq)-
p<z q<p<z
paw(q)<|A|

Applying this recursively, we get

S(A,z) = Y p(d)|Adl,

dED;MM

which is exactly the optimal combinatorial sieve derived in the previous section.
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7.3 The p-sieve

For any (3, we define sets nyi by

Df; ={p1-Dm|z2>p1> > pm, Yk s.t. 2k <m, pl--«pgkpgk <y},

DE:; = {pl Pm | z > P1 > > pmaVk s.t. 2k + 1 S m, p1-- 'p2k+1p§k+1 < 9}7

and define F2(s), f3(s) by

o w(d)k(d)
Flo)=lim Y, =g

deD? T,

deD?

z,28

For a given x, the best choice for 3 has f?(53) = 0, unless we can take 8 = 1 (which, as it turns out,

occurs for k < %) The main result concerning the -sieve in the range x > % is as follows.

Theorem 32 (Chapter 11 of [], [16]). Suppose that k> L. Let p,.(s),qx(s) solve the equations

(sp(5)) = #pr(s) = rpu(s +1),
(sar(s)) = Rax(s) + rgx(s + 1),

B Bl

with iMoo $Pi(s) = 1 and q.(s) not identically 0. Then the best choice for B in the (B-sieve has
B — 1 equal to the largest positive zero of q.(s), and has

s“Fy (s) = 2(5(51):)_1 B-1<s<B+1,
E(s"FL(s) = rs" (s = 1)

s> B +1,
(s fE(s) = rs" T Fl (s — 1)

s> f.
When 2k is an integer, q.(s) is a polynomial of degree 2k — 1, and B is an algebraic number.

We mostly care about the case k = 1, in which case ¢1(s) = s — 1 and § = 2. When k = 1,

the fB-sieve produces the optimal sifting functions f(s) = fi(s),F(s) = Fi(s) (see Section [8.2).
Furthermore, for any interval A of length y and any fixed s we have the more precise error terms

() oo ljg(z) ~ (e +o(1))h(s) log?(fz)Q <8(A2) S F(9) o ljg(z) +(c+ o<1>>H<s>—10ng)2,

where c is a computable constant, and in fact we will state an even more precise result due to Iwaniec
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[14] below. The functions f, F, h, H are given by

27

Pl = 1<s<3
4 (sF(s)) = f(s— 1) 523

fls) = 2B =D 2 <5<

4 (s()) = F(s— 1) 522

H(s)=5i2 1<s<3

& (s2H(s)) = —sh(s = 1) >3
h(s)—slz<1+_—log(s—1)) 9 <s<4

£ (#h(s) = ~sH (s~ .

Theorem 33 (Iwaniec [I4]). If A has
’\Ad\ - %’ <1

for all d, and if y = 2° with s < %, then for s > 3 we have
log(log(3y)) 5

Poglo Y )y

S(A,z) < F(s) ] (1 log(y)? log(2)2’

p<z

1
—*)ﬁy—&-c(l—i—
p

and for s > 2 we have

S(A,z) > f(S)p]:[Z (1 - ;1,) Y- C<1 * S?;gi/(;f)%h@) 1ogz(Jz)2’

where ¢ is an absolute, computable constant.

The functions F, f, H,h can also be expressed in terms of the Dickman function p and the
Buchstab function w (see the last two sections of Chapter [4] for the definitions and properties of p
and w). We have

F(s) = €7 (w(s) = p'(5)),
f(s) = e(w(s) +'(s)),
H(s) = 3(=w'(s) + 0" (s));
h(s) = 5(w'(s) + p"(s))
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7.4 Numerical computations

96

The next table summarizes the results of numerical computations w(p) for p up to 10°. Details of

how these computations were performed can be found in the next subsection.

p w(p) "D;w(p)| ZdeD;w(p) @) 1 log(p)? #zp)
2 1 1 1 0.48 4

3 4 2 2 1.20 2.25
5 12 4 3 2.59 2.08333
7 25.7142 6 4.28571428 3.78 1.90555
11 49.4117 8 6.17647058 5.74 2.44880
101 2,702.91 152 17.7823441 21.29 | 3.77407
1,009 181,134.1 4,298 42.1438118 47.84 | 5.62059
10,007 14,774,064.1 183,842 80.3628340 84.84 | 6.77809
100,003 1.337874 x 10° 10,370,628 129.006158 132.54 | 7.47498
1,000,003 1.267740 x 10! 676,016,012 187.531120 190.86 | 7.88809
10,000,019 1.232150 x 1013 47,905,251,846 257.205746 259.79 | 8.11592
100,000,007 1.211826 x 10%° 3,593,207,274,848 337.254693 339.32 | 8.25201
1,000,000,007 | 1.199471 x 10%7 280,366,672,910,696 427.822345 429.45 | 8.33700
10,000,000,019 | 1.191769 x 10*° | 22,534,701,080,584,612 528.859876 530.18 | 8.39088

The first thing that jumps out is the excellent agreement between the fourth and fifth columns:

Conjecture 3. As p — oo, we have

(X M) Sy + 00,

d€D,, 1 (p)

Although it is not a proof, I can at least give a heuristic explanation for this coincidence. By the

theory of the linear sieve, for 2 < s < 4 and z — oo we have

> M [Ta-h~

deD p<z

z,2z58

with
f(s)

S

in this range. The important point is that

fl@)=e,

_ 2e7log(s — 1)
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so if y < 22 and we let y; =y - 2¢ ~ y + ey log(2), then

3 pld)  f'2e €

d - 7 1 Nl ’
€Dz, \D, evlog(z)  log(z)

while by the defining property of D, , we have

D2y \Dzy

ZdED;yl \Dz,, d

Setting § ~ eylog(z), we get

€y 1)
log(z) ~ log(2)?"

~
~

- 2 — _
y==z = |Dz,y+5 \ Dz7y

Since w(p) < p?, this gives the approximation

R w(p)
P Jog(p)?”

|D

From this, we get

p(d) |Dp’w(p)‘ ~ 1
2 w(p)  log(p)?’

deD

p,w(p)

It’s somewhat harder to pin down the asymptotic behavior of the ratio between w(p) and p2.

Based on the numerical data, the following conjecture seems reasonable.

Conjecture 4. For p sufficiently large, we have

In patricular, for z large we have j(P;) < %5.

Define C' to be the limiting value of the ratio between w(p) and p?:
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In order to verify that C' is the correct limiting value, we’ll try to analyze the size of the set D;pQ e
and compare it with #,2(1))2. To this end, we define the functions uc(z,y), ve(z,y) by
c, _
uc(:v,y) = Q'Dew,ey/c‘7
c
UC(xvy) = 67|D:$,ey/0"

Then we have

uc(z + Az, y) = uc(z,y) + Z lvc(log(p), y —log(p)),

eT Sp<€$+AT

vele+Aag) =ve(eg) + 3 Cuclog(y).y ~og(p),

e?<p<ettar
Cpw(p)<e?

and these approximate solutions to the system of differential-difference equations

0 1
aizu(:r% y) - ;’U(l‘, Yy— .’I}),

0 %u(x,yf:c) 3z < Y,
aiv(xay) =
x 0 3z > y.

Proposition 39. If u(z,y),v(x,y) satisfy the above differential-difference equations, then the quan-

/ MU(fv,y)der/ Mv(ff/,y)dy
y>2x

x y>a

tity

is independent of x.

Of course, if we guess the wrong value for C, then the approximation gets worse - so the sum
of the integrals given above will drift somewhat with x. We can thus work backwards to get an
estimate for the final value of C' by guessing values for C'; computing the sum of the integrals above

numerically for z large, and seeing whether it matches up with the limiting value.
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Given that u(z,2z) =~ w%, the limiting solution to the above system of differential-difference

equations is

2h(3)
u(@,y) = —3=,
2H(Y)
v(z,y) = —3*,
d (s%h(s)) = —sH(s — 1)
ds B ’
—sh(s—1 > 3,
A
ds 0 s <3,
1
H(s):S—2 1<s5<3,
1
h(s) = 8—2(14—5—103;(3—1)) 2<s<4.

Thus, the limiting value of the sum of the integrals in the previous Proposition is

/ s(s — 2)2h(s)ds + / (s —1)22H(s)ds = 4(e” — 1) — e,
5>2 s>1
where the integral was evaluated by expressing H,h in terms of the Dickman function and the
Buchstab function using the formulas at the end of Section and using the formulas w(oco) = e~
and [ p(s)ds = [ sp(s)ds = e from the last two sections of Chapter

To sum up, we have the following speculative method for predicting the value of the constant
C': pick some large x, compute w(p) for p < e*, guess a value for C, numerically approximate the

functions ue(z,y),ve(z,y), and adjust this guess for C' based on how the value of

/>2 Muc(m,y)dy+/ Mvc(%y)dy

X y>a X

compares to 4(e?” —1)—e~7 (note that since uc(x,y) = u1(z, y—log(C)),ve(x,y) = v1(z,y—log(C)),
the sum of integrals above is a monotone increasing function of C'). Carrying out this procedure for
e” greater than the first 10 primes, the first 100 primes, and so on, we get the following series of

predictions.

m(e®) | predicted value for C

10 3.47
100 6.73
1,000 7.78
10,000 8.16

100,000 8.30
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Although the last prediction roughly matches the numerical data, it should probably be taken with

a large grain of salt.

7.4.1 Algorithm for quick computation of w(p)

The main idea is to use the recursive structure of the sets D;w(p) to avoid enumerating each element

of D;w(p) individually. We need the following definitions.
Definition 17. If d = p1 -+ - pm, P1 > -+ > pm, is a squarefree number having at least two prime
divisors, then we define the rate-limiting prime of d, written r(d), to be the pai such that

p1-- ~p2kw(p2k) = maX{p1 e 'pzjw(]?zj)}~
2j<m

We call d basic if r(d) is the least prime divisor of d, and we call d g-basic if d is basic and r(d) = g.

Then by the definition of D;w(p), whenever d € D;w(p)

Moreover, we have the following result.

is basic, we also have dD;(de(T(d)) C
Dpﬂv(p)'
Proposition 40. For any prime p, if 7(p) is the number of primes strictly below p, we have
|D;w(p)| =1+m(p)+ Z |D;w(q)| -[{d g-basic, dw(q) < w(p)}|
q<p

and

n(d) 1 11(do) 1

YoErerax (X ) X g
deD_ q<p q<p  dyeD_~ d g-basic
p,w(p) q,w(q) dw(gq)<w(p)

The second trick we use is to note that whether d is basic (or g-basic) or not does not depend on
the largest prime factor of d: the only way that the largest prime factor of d becomes relevant is the
inequality dw(r(d)) < w(p). So we will group together basic ds which differ only in their greatest
prime factor p;, and we will determine the range of possible values for p; by a binary search over
primes.

As a small bonus, using this algorithm we can also compute the size of the contribution to D;w(

)
from each possible rate-limiting prime q. Define sets

D,.,=1d€D;,, r(d) =q}.

q,2,Y

The following table summarizes the contribution from small rate-limiting primes ¢ when p is either

the first prime after 10° or the first prime after 10'°.
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Algorithm 3 Combinatorial Sieve Algorithm

10:
11:
12:
13:
14:
15:
16:
17:

18:

19

21:

22:
23:
24:
25:
26:
27:
28:
29:

30:

31:
32:

1
2
3
4:
5:
6
7
8
9

: function BASIC-RECURSION(previous-prime, size, is-even, p, w(p))

count < 0, sum < 0
if is-even then
for previous-prime < ¢ < p and size-gq1q++ < w(p) do > g4 is the next prime after ¢
if size-q > w(q4) then
(smallcount, smallsum) <— BASIC-RECURSION(g, size-q, False, p, w(p))
count < count + smallcount
sum < sum + smallsum/q
high-prime <+ max{q with size-¢ < w(p), ¢ < p} > to find high-prime, use a binary search
count < count + 7(high-prime) — 7w (previous-prime)
sum < sum + Y. > partial sums
else
for previous-prime < ¢ < p and size-gq; < w(p) do
if size> w(q) then
(smallcount, smallsum) + BASIC-RECURSION(g, size-q, True, p, w(p))
count <— count + smallcount
sum < sum + smallsum/q

1

r<q<p 3 precomputed

previous-prime <g¢< high-prime ¢

return (count, sum)

: procedure MAIN(p)
20:

1

Precompute partial sums ) _ a<p g

forr<p

_ d
Precompute w(q), |Dq,w(q)|, > den # for ¢ such that g qw(q) <p

q,w(q)

2

w(p) + p?, old-guess + —1
while w(p) # old-guess do
old-guess + w(p)
count « 1+ 7(p)
sum «—1—3%° %
for ¢,qu(q) < w(p) do
(smallcount, smallsum) < BASIC-RECURSION(gq, qw(q), True, p, w(p))
count + count + smallcount-|D

q,w(q)|
u(d)

sum < sum + smallsum- ) ;- v

a,w(q)

w (p) — count

sum

return (w(p), count, sum)




7.4. NUMERICAL COMPUTATIONS

|D;109,w(109)|

|Dq,109,w(109) |

|D

q,1010,0(1010) ‘

102

9 D05 wiros)| D010 iio10)]
2 1 50,847,533 0.0000% 455,052,510 0.0000%
3 2 18,349,760,829,536 |  6.5449% | 1,442,620,675,334,628 |  6.4017%
5 4 38,333,203,200,684 | 13.6725% | 2,996,015,319,999,088 |  13.2951%
7 6 24,191,486,460,984 | 8.6285% | 2,266,779,123,561,216 |  10.0590%
11 8 13,520,893,437,048 | 4.8225% | 1,178,595,771,091,176 |  5.2301%
13 12 12,443,247,328,332 |  4.4382% | 957,429,548,615,856 4.2486%
17 16 11,150,038,237,104 |  3.9769% 747,723,477 554,192 3.3180%
19 22 11,764,005,379,280 |  4.1959% 727,334,597,533,786 3.2276%
23 2 10,341,770,277,488 |  3.6886% | 620,459,111,164,568 2.7533%
29 32 9,033,164,601,856 | 3.2219% | 566,427,988,603,328 2.5135%
31 36 7,966,641,018,492 | 2.8415% | 526,373,588,863,692 2.3358%
37 44 7,003,305,009,756 |  2.4979% | 499,299,190,340,280 2.2156%
41 48 5,870,924,200,440 |  2.0940% | 441,952,828,945,728 1.9612%
43 52 5,100,448,581,228 | 1.8192% | 400,530,155,031,500 1.7773%
47 60 4,581,582,628,560 | 1.6341% | 375,413,661,818,040 1.6659%
53 68 3,975,647,612,556 | 1.4180% | 338,494,002,091,784 1.5021%
59 72 3,281,982,008,040 | 1.1706% | 287,891,823,076,704 1.2775%
61 84 3,213,337,574,496 | 1.1461% | 287,406,444,998,736 1.2753%
67 88 2,600,678,425,864 | 0.9596% | 245,710,266,702,384 1.0903%
71 96 2,432,622,482,976 | 0.8676% | 225,751,386,157,440 1.0017%
73 100 2,162,057,965,000 | 0.7711% | 203,334,439,375,000 0.9023%
79 108 1,899,204,550,344 |  0.6774% 181,542,616,343,748 0.8056%
83 122 1,806,077,438,460 |  0.6441% 175,163,828,943,888 0.7773%
89 130 1,594,174,393,110 |  0.5686% 157,243,449,924,470 0.6977%
97 144 1,447,331,807,088 |  0.5162% 145,506,973,198,608 0.6457%
> 100 76,212,084,767,906 | 27.1833% | 6,539,699,901,209,750 |  29.0205%



Chapter 8

Linear sieve and the Jacobsthal

function

8.1 Numerical computation - can we beat the combinatorial
sieve?

It’s a natural question to ask whether the optimal choice of lower bound sieve Ay is combinatorial,

given that we wish to maximize the quantity

>_aip, 1Adl

A
2ap. i

which gives an upper bound on the Jacobsthal function j(P.). Setting this up as a linear program,

we search for numbers a4, y, and sieve weights Ay, such that the following conditions are satisfied.
e For all d, ag > 0.

e g =0and \; = 1.

For all d | P., we have —1 < % — Zdlk a, < 1.

For all d | P, with d > 1, we have Zkld A <0.

A
We have y = Zaip. 1Ml ‘AZ"

dlPz d

If ag > 0, then Ek‘d Mg = 0.

1 Mg > 0,

If Ay # 0, then & — Zd‘kak =
-1 Mg <O.

103
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Unfortunately, once z gets large this leads to an exponentially large linear program. In order to
make the computation reasonable, we restrict the search by requiring that the Ags and the ag4s are
supported on d < z9W . If we make the support too small, then we will find no solutions to system
of constraints above.

The only remaining difficulty is that checking whether the Ay really form a valid lower bound
sieve still requires checking exponentially many conditions. In the case that the A\; happen to form

a combinatorial sieve, this will follow from the stronger (and much easier to verify) constraint
p<z & (¢g|ld = p<q) = Ag+ A <0.

Otherwise, we can attempt to check that the Ay form a valid lower bound sieve by hand after

Zxkgo

k|d

verifying that

for 1 < d < 290, hoping against hope that the optimal sieve follows some sort of human-
understandable principles.

The results of the computation end up being somewhat underwhelming: for all z < 1225, the
optimal lower bound sieve ends up being combinatorial, and beyond this point the computations
start to need too much memory to continue. At this point, it is tempting to conjecture that (in the
case of the linear sieve) the optimal lower bound sieve is always combinatorial. Surprisingly, this

turns out not to be the case!

Proposition 41. If we take z = 3185, so that w(z) = 450, then the optimal lower bound sieve is

not combinatorial.

Proof. From the theory laid out in the previous chapter, we can quickly compute that the optimal

combinatorial lower bound sieve gives

. 2. 1Al
in =—/—= _ =

A comb Zd\P %d

27,026

w(3185) = oz

= 1,614,620 4...,

so all we have to do is exhibit a sieve that beats this bound. Since

92

5943 w(43) = 5943 oo

=1,616,777.4... > w(3185) > 1,294,059.1... = 59 - 41 - w(41),

we have Asg., = 1 if and only if ¢ < 41 in the optimal combinatorial sieve. The idea is to modify the

combinatorial lower bound sieve by using the upper bound sieve iteration rule

1 1
S(A59, 59) < S(Asg, 41) — 5 Z S(A59.q, 41) + 58(1459.47.43.41, 41)

qe{47,43,41}
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Our new sieve has sieve weights given by

p(d) d € Dyig5 31850 994114,

Ay = 3 d€59-{47,43,41} - Dy ),
3 d=059-47-43-41,

0 else.
; - _ (4 _
Since |D417w(41)\ = 48 and ZdeD;l,w(ﬁll) B =11.1449..., we get
- 11— 1
D d| Py Ml 1D3185,w(3185)] 2Pt wiany + 2
Vi (d , 1. 1 (d)\/ 1 1 1 1
CdlPoss & 2odeDyg vy @ T2 50(Xaeny, ") (@ 13~ a1) — wrazan)
B 27,026 + 5 - 48+ &
= 1 11 1 T 1 1 1
597432, T3 @(11.1449... (E ti- i) — 47-43-41)
= 1,614,616.5... < 1,614,620.4... = w(3185). 0

We can easily generalize the calculation in the previous proposition, replacing 47,43,41 by any
three consecutive primes p > ¢ > r and replacing 59 by any number d € D;w(z) having an odd

number of prime factors all of which are greater than p, such that

D w1
w(r) < ’IU(Z) < qw(q)

(d) 11 1
Caer,, G+ =D = @

2

Plugging in the approximations w(q) < ¢?, w(r) = r?, the outer inequality is approximately equiva-

lent to

[\v]

.
" < g,

Q=
S =

=

and this is satisfied to first order whenever we have p + r < 2q. So we can expect this to occur
whenever g — r & log(q) and p — ¢ = O(1), which is something we should expect to occur infinitely

often.

8.2 Parity problem

In this section, we’ll follow the argument of Section 16 of [28] to show that there is no way to improve
the main terms F}(s), f1(s) beyond the bounds we get from the S-sieve.

The argument goes by introducing two weighted sets: we let AT be the weighted set of integers
between 1 and y with the weight attached to n given by 1 — A(n), where A(n) = (—=1)%(") is the
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Liouville function, and let A~ be similar with the weight of n given by 1+ A(n). Set
Ty, 2) = S(A*, ).
These functions are invariant under Buchstab iteration:

Ty, ) =7t (y,w) = Y 7 (y/pp),

and by the prime number theorem, for 1 < s < 3 we have

7t (y, 2) = 2(n(y) — 7(2)) = e z . ’
(y> ) 2( (y) ( )) s eV log(z) + 52 log(z)2 +0 (10g(z)3> ’

so (by an induction on [s]) we see that for any fixed s > 1 we have

’/T+ z) = S L S L y .
(1) = Fo) e 420 s 40 (). (5.1)
_ Y o Y y _
) = 1) e~ 200 + 0 (s ) (5.2

where F, f, H, h are defined as in Section
In order to finish the argument, we need to check that the weighted sets A* have sufficiently

small remainder terms. It’s clear that we do not have
‘|A?ﬂ — y‘ <1,
d
so we will instead appeal to Corollary [§] to see that we just need to check that we have

AL _g’ S
1431 - 5| < dlog(y/d)F+e

for some € > 0. From the definition of A%, we see that this is equivalent to showing that

’ > )\(n)‘<< W.

n<y/d

This bound is a well-known consequence of the zero-free region for the ¢ function, even if we take €
to be arbitrarily large.

Although the argument above shows that we can’t hope to improve on the main terms of the
sieve when xk = 1, it doesn’t show anything about whether we can improve on the error term. So
although this rules out the possibility of showing that j(P,) < 22~¢ using standard sieve-theoretic

22

methods, it doesn’t rule out the possibility of showing that, say, j(P.) < Toglioz )"
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8.3 Better bounds via smoothing the interval

Recall the better bound on the Jacobsthal function we got by smoothing the interval.

Proposition 42 (Corollary . If Aq is a lower bound sieve with a positive main term, then

Mimicking the theory of the previous chapter, we can prove the following result.

Proposition 43. If we choose sieve weights Mg for d | P, defining a combinatorial lower bound sieve

with Ad > (0 4n order to minimize the quantit
dd q Y

2ap. [Aald

ws(2) = min ZdiP, 7O
Zd|Pz %d 7

(Ad)a|p, comb. lower bound sieve
then for each d with an even number of prime factors, with p the least prime dividing d, we have
A= —Agp = dwz(p) < waz).
More explicitly, if d = p1 -+ pm with z > py > -+ > ppy,, then

\ p(d) Yk s.t. 2k <m, pr - pagwa(par) < wa(z),
d p—
0 otherwise.

A minor modification to the algorithm described in the previous chapter lets us efficiently com-

pute wa(z). The next table has the results of these numerical calculations.
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» w3 (p) Sobadd | (£29) 7 | 2noaw | 25
2 1 1 1 0.96 4

3 2.44948 3 2 2.41 3.67423
5 6 12 3 5.18 4.16666
7 10.7570 27 4.285714 7.57 4.55514
11 17.2183 48 6.176470 11.49 7.02739
101 657.457 15,819 27.324799 42.59 15.5158
1,009 37,892.1 17,739,135 80.940337 95.68 26.8678
10,007 3,057,053.2 59,316,124,245 157.555383 169.68 32.7570
100,003 270,233,209.1 2.846900 x 104 256.510463 265.09 | 37.0072
1,000,003 2.538610 x 1010 | 1.722138 x 10'8 374.217331 381.73 | 39.3918
10,000,019 | 2.469099 x 10'2 | 1.183945 x 1022 | 514.926644 | 519.58 | 40.5007
100,000,007 2.430356 x 10 | 8.759595 x 10%° 674.304411 678.64 41.1462
1,000,000,007 | 2.402520 x 10'6 | 6.748962 x 10%° 855.257961 858.90 | 41.6229
10,000,000,019 | 2.383290 x 10'® | 5.373584 x 1033 | 1057.036090 1060.37 | 41.9587

Conjecture 5. As p — oo, if the \gs are chosen as in the definition of ws(p), then we have

(>

d

Ad
d

Proposition 44. If z > 2, then j(P,) < \/gwg(z).

) = 2log(p)* + O).

Proof. We just need to show that j(P,/2) < wy(z)/+/6. This will follow if we can show that for odd

d, we have Aog = —)\g, and we check this as in Proposition

O

Corollary 9. Every interval of length 1.95 x 108 contains an integer which has no prime divisor

below 101°.

Conjecture 6. For p sufficiently large, we have

In patricular, for z large we have j(P,) <

p2

wa(p)

41 < < 50.

22

50"

Further improvements can be made by using Theorem in place of Corollary It seems

plausible that a very careful analysis might lead to the asymptotic bound j(P,) <

large.

22
100

for z sufficiently



Chapter 9

Sifting Iterations

9.1 Simple upper bound iteration

Theorem 34. For any w < z, we have

S(A,Z)SS(A,w)—g > S(Ap,w)—ké > S(Apg,w),

w<p<Lz w<qg<p<z
where p,q run over primes.

Proof. Let a € A. We need to show that the number of times a is counted on the left hand side of
the above is at least the number of times a is counted on the right. If a has any prime factors below
w, then both quantities are clearly zero, so assume that a is has no prime factors below w. Suppose
a has exactly k prime factors between w and z. If £ = 0 then both sides count a once. Thus we just

need to check that for any integer k£ > 1 we have

2 1(k
<1—Zk+-
osi-2reg(s)

which follows from the identity

33009 (-5) D

Corollary 10. For any real t > s > 2, we have

2 dr d
SR SR - cx [ enea-aT gl [[ o rRen-o—y MG
t<w<y loy<a<d

Remark 4. The optimal w in Theorem above appears to be w = %, which corresponds to taking

109
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t= Sfﬂ. Thus this upper bound iteration tends to be useful only for 2 < s < g+ 1.

9.1.1 Analogous lower bound iteration

Theorem 35. For any w < 22, we have

S(A,Z)ZS(A,\/E>_ 3 S<AP%)+% 5 S(qu%)

Vw<p<z 2 <g<p<z
2 w 1 w
-5 2 S(Ae) -5 X S(dw ),
B <r<q<p<z 4 Sr<q<p<z
qr<w

where p,q,T TUN OVET PTIMES.

Proof. Let a € A. First suppose that a has no prime factors below y/w, and has exactly k prime

factors between /w and z. If k is 0, then both sides count a once. Otherwise, we need to check that

5(k 1/k
>1- - - =
and this follows from the identity

13 ()30 00 (-9

Now suppose that a has smallest prime factor s < /w. We group together all of the summands

for an integer k > 1 we have

on the right hand side with a common p, p | a. In order for any such summand to be nonzero, we
must have s > %, or equivalently p > *. Suppose that a has exactly k£ prime factors strictly below

p. Then the number of times a is counted in such summands is at most

i) (-

and this is at most 0 unless k = 2. Thus the only bad case occurs when p is the third smallest prime
factor of a, q is the second smallest prime factor of a, and r = s is the smallest prime factor of a. If

qr < w, then the contribution from these summands is just

14 > 2 2 _ 0
6 3
so the bad case only occurs when gr > w. But then since ¢ > %> = %, we can combine this bad

group of summands with the group of summands where p is replaced by ¢, and the total number of
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times a is counted in the two groups becomes

5) 1 b) 1 1
—1 - .2 - — —1 — = — — — = (.
(-1+22-g)+ (1 2) =550 0

Corollary 11. For any real s > t with 2t > s > 3, we have

s fu(s) = (20)" £ (2t) — K / (1_1x)~F”(}::xt)dx

1 1
57 <x< g

5 o // 1 1l—z—y\drdy
_|_7 -
6" (%—x)ﬁf”( 1-x )x Yy

1 z<y<a<t

2 4 1 l—z—y—2\drdydz
2 (e )dodvdz
3 (1 — =) T Ty z

1 _r<z<y<a<t ¢
t s

14 1 l—z—y—2\drdydz
= F, —

1 _y<z<y<a<t K
t el

X

Remark 5. As with Theorem |34} it seems that the optimal w in Theoremis w = Z, corresponding

tot == 5 Thus this lower bound iteration tends to be useful only when 5+ 1 < s < 3+ 2.

9.1.2 Two miracles at Kk =1

When k = 1, the S-sieve produces the optimal functions f(s) = fi(s), F(s) = Fi(s) (see Selberg

[28]). Furthermore, we have the more precise error terms

Y

IO gy — (€ + ODhs) oo < S(A,2) < Fls) s o e+ o0H ()5

evlog(z) log(z)2 — e7log(z)
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where ¢ is a computable constant (in fact a more precise result can be found in Iwaniec [I4]). The

functions f, F, h, H are given by

F(s) =2 1<s<3

S sFE) = f(s—1) s>3
f(ﬁz%(s_l) 2<s<4

& (3£(s) = F(s— 1) >0
H(S):S% 1<s<3

dii (s°H(s)) = —sh(s — 1) s>3
h(s)zslz(usil—log(s—l)) 5 <s<4

& (h(s)) = —sH(s 1) 22

It’s natural to ask what happens to these functions when we apply the new upper and lower

bound iterations to them.

Theorem 36. If k =1, % < s <3, and t = =5, then the two sides of the inequality in Corollary
are precisely equal, that is

sF(s) =tF(t) —

W D

/ tf(t(l—m))d—x—ké // tP(t(1 — 2 — ) LY.

=
o=
Bl
A
<
A
8
A
|

t
Furthermore, in this case even the error terms match up:

do dy
x oy

s2H(s) = t2H (t) + % / t2h(t(1 — x))i—w + % // tPH(t(1 — 2 — 1))

1 1 1 1
T<x<s +<y<z<g

Proof. Consider the right hand side of the first claimed equality as a function ®(s,t) of s and t.

Since sF'(s) = 2¢7 is constant for s < 3, it’s enough to check that %—f = %—f =0 when t = _*5. We

od 2t 1 1 t 1 dx
somad (10-0) -3 o ((-i-2)) 5

1 1
T<e<lsg

have
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2e”
s—1

e (#(1-3) =1) 5 (e (1= 25 ~oe (5= 25))

and up to a multiple of this is equal to

1 s—1 1
= -1 t -1 -1 -2
jiow (120 1) + g los(s - 2),
which is indeed 0 when ¢t = 25. In order to calculate %—‘f, first note that since % < s we have
t = 25 <5, so for any x,y > % we have t(1 —z —y) <t—2< 3, s0

O (Pt — 2~ y)) =0,

ot
Thus we have
0P 2 2 der 1 dx
o ft-1)—ft—1)-= Ft(l—2)—1)— + = Ft(l—2z)—1)—
= fe-n-2re-n-2 [ Feu-o-nTag [ Pea-0-nT o,
1<zt 1<zt

2e”
t—1

1 1 t t
Slog(t—2)— = (log [t — —— ) —1log (s — ——
1 t—1

:310g(8 / —1),

s
s—2"

The second claim is left as an involved exercise to the reader (alternatively, one can use the

and up to a multiple of this is equal to

which is also equal to 0 when ¢t =

method of proof of the next theorem). O

Since the lower bound iteration is much more complicated, we need a better method of checking
that it has the linear sieve as a fixed point. For this we use the following weighted sets, introduced
by Selberg [28] in order to explain the parity problem: let AT be the weighted set of integers between
1 and y with the weight attached to n given by 1 — A(n), where A(n) = (—=1)2(™ and let A~ be
similar with the weight of n given by 1+ A(n). Set

T (y, 2) = S(A*, ).
These functions are invariant under Buchstab iteration:

7y, 2) =7ty w) = > 7 (y/p.p),
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and by the prime number theorem, for 1 < s < 3 we have

7T+(y,2) = 2(7((2/) - 7‘(’(2)) = %67 ]gg(z) t 572210,;?2)2 + O (IOgy> ’

so for all s > 1 we have

7t (y,z) = F(s Y s o ’
(y.2) = F(s) e +2H( )log(z)2 +0 <10g(2)3) :
7 (9.2) = () oo — 2h(s) o +O< ( )

e¥ log(z) log(z)?

114

(9.1)

(9.2)

Theorem 37. Ifk =1, % < s <4, and t = =5, then the two sides of the inequality in Corollary

are equal, that is

sf(s) = 2tf(2t) — / %zF(}_x)dj

1 1
5z <e<g

JI =050

1 1
t—e<y<ae<i

2 1 l—z—y—2\drdydz
_z F haiadielheisd
3 /// %—m ( 1_ )x Y oz

1 1
T r<lz<y<z<sg

1 1 l—z—y—2\dxdydz
= F — =
+6 /// %—x ( - )m Yy z

1 y<z<y<z<i

+

S| Ut

Furthermore, the error terms are equal as well:

n = @hen s [ o)

z—l' X

1 1
<<y

5 1 1l—z—y\drdy
2 h or sy
+6 // (1 —2)? ( 1-2 )ﬂc Y

1 1
t—w<y<ae<i

s ] e IS
(

t-r<z<y<z<i

1 _y<z<y<az<i

l—x—y—Z)dix@dz

Proof. By equations 1) { , it’s enough to check that for constant % <s<4and w =

we
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have

S(A™,z) = S(A*, \/a) - ﬁ§<zs(A;, %) n % w<q§<:p<zs(Am, %)

2 w 1 w Y
+ +
-5 X s(A)-3 X s(an)+o <1og(z)3> '
%§r<q<p<z %§r<q<p<z
qgr<w

: : 3/14 L L 1/7
We have the easy inequality z > /w > y3/1, and for \/w < p < z we have T>2>y /T as well as

5
D (%) > f—j > y. Thus if n is a number below y which is counted by either side, then every prime

factor of n must be at least y'/7, and Q(n) must be an even number strictly below max (%!, 1+5) = 6.

We need to estimate the number of ns below y which contribute more to the left and side than
the right hand side. Since the number of nonsquarefree ns which can contribute to either side is at

6/7

most 3y°/‘, we can assume without loss that n is square free. If n = pq with p > ¢ primes, we must

have z > p in order for n to contribute more to the left side than the right side. The number of

4/7 so we may assume without loss that n has four distinct prime factors

such n is at most 22 < y
p>q>1> s, at least one of which is below z (so n isn’t counted on the left hand side at all).

First consider the case s > \/w. Since n < wz?, we have z > ¢q. Then if n has 3 < k < 4 prime
factors below z, n is counted on the right hand side with multiplicity 1 —k + % . (g) — % 00— % . (g) =
(1-k) (1 - %) (1 - %) = 0, so we get the same contribution to both sides.

Now suppose that s < /w,rs > w. Since n < wz?, we have z > q. Then if n has 3 < k < 4 prime
factors below z, n is counted on the right hand side with multiplicity 0— (k— 1)+% . (g) — % 0— % . (’;) =
(1—k)(1- %) (1—%) =0, as before.

Next suppose that w > rs and p > 2. We must have z > ¢ > % in order to get any contribution
from n. Then n is counted on the right hand side with multiplicity 0 — 1 + % -2 — % -1 - % -0=0,
so we get the same contribution from both sides.

Thus any bad n must have z > p > ¢ and w > rs, 7 > s > y*/7. The number of such n is at
most O ( ey ey ety ) = © (atere ) =

9.2 Infinite family of iterations inspired by model problem

Here we will describe an infinite sequence of iteration rules, one for each k£ > 1, generalizing the
upper and lower bound iteration rules described so far (which correspond to the cases k = 1 and

k = 2). We will also prove an optimality result for these iteration rules.
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Theorem 38. Ifk>1 and w < 2% then

()P IS(A,2) < (DFIS(A 0 F) 4 ()RR Y S (A, ()Y

p1
wl/k<p;<z

+ > S(Aprms o)

w 1/2
() <pra<<pi<s

_ (1 _ ﬁ) ) 3 S(Apyppr )

2
<pr<--<p1<z

P1Pk—1

#L<k+1|wp; <p1 - Dr+1}
+ Z (1 - k+2 S(Apl'“p’“‘*'l’ Pl"'zgk—l).

(*3)

w
<pp
PLPho1 SPr4+1 < <p1<2

Proof. It’s enough to prove this when A has just one element, say A = {a}. We may also assume
that a is squarefree, and write @ = g1q2 - - - ¢, With ¢1 < ¢2 < -+ < ¢, and the ¢;s prime. We may
assume also that gq; < z, since otherwise the result is trivial. Thus we just need to prove that the
right hand side is at least 0.

Note that every nonzero summand corresponds to some divisor d = p; - - - p; of a having j prime
factors, 7 < k + 1. Our strategy is to combine the nonzero summands into small groups according
to the combinatorial structure of their prime factors, such that each group of summands has a
nonnegative sum.

The first step is to combine the summand corresponding tod = p; - --p; with j < k—landp; = 1
with the summand corresponding to d/p;, and to note that these two summands exactly cancel each
other out. After this step, the only summands that remain are those which have d = p; - --p; with
Jj>k—1and pp—1 > q.

The next step is to group the summands corresponding tod =p; ---p; with j > k-1, pp_1 = q
with [ > 1, and p; ---pr—1 taking some fixed value P with w < Pg;. If [ = 2, then the total

kiz). If [ = 3, then the total contribution from such d is

2

contribution from such d is

—~

_#pe{pop-r @ ot [wp < Pggi} ) - #{i<k—1]wp < Peoqi}

1f(17(%2)).2+ (1 Ga ) = )

2 2

If [ = 4, then the total contribution from such d is at least

1-(1—@)-3+(1—(’z§))-3= (kiz).

Finally, if [ > 5 then the total contribution from such d is easily seen to be positive.
In order to balance out the negative contribution coming from groups corresponding to P =

P1 Pr—1,w < Pqg1,pr—1 = q with [ = 3, we will assign portions of the positive excess from groups
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corresponding to Ps with [ = 2 or [ = 4 to certain corresponding Ps with [ = 3.

If P=p- pp_1,w < Pq1,pk—1 = q with [ = 2 and m > 3 is minimal such that g, does
not divide P, then we group the excess ﬁ contribution from this P with the contributions
corresponding to P’ = Pq,,/qs - note that th26 least prime factor of P’ is then necessarily equal to

g3
IfP=p - pr_1,w < Pqi,pr_1 = q with [ = 4, then we take

—

k;l)
k+2

from this P, and divide it into k — 2 pieces of sizes (k}rQ), (k?rQ) e (’,ZI;?), and we assign the piece of
2 2 2

of the excess contribution

—~
N
~—|

size 7t to P! = Pq3/pi+1 (noting once again that P! has least prime factor equal to g3).
2
To finish the argument, we just have to show that for P = py - pg_1,w < Pqi,pr—1 = ¢ with
I = 3, the total excess contribution that was assigned to P by the process described in the last two

paragraphs is at least
#{i <k—1|wp; < Pgqi}

(*3%)

To see this, let m > 4 be minimal such that ¢, does not divide P (or let m = k + 2 if Pgaq1 = a).

For any 3 < j < m, if we let P; = Pga/q;, then the least prime factor of P} is g2, and as long

as wq; < Pgaqi we have w < PJ{ql and the excess of ﬁ corresponding to P]( is assigned to P.
2

Additionally (in the case m < k + 2) we let P’ = Pg,,/qs3, and we see that the least prime factor of

P’ is q4, that w < Pg; < P’qq, and that kzr,fT;)m of the excess corresponding to P’ is assigned to P.

Together, we see that the amount of excess which was assigned to P is at least

#{3<j<m|wg < Pgq} k+2—m> #{i <k—1|wp; <Pgoqm}

O
k42 k42 = k42
(2" (2" (2%
9.2.1 Optimality at kK =1
To see that the kth iteration rule is optimal when we set x = 1, w = %, and y = 2° with

k+ % < s < k+2, we argue as in Theorem [37|to see that we just need to prove the following bound.

Theorem 39. If AT are weighted sets of integers between 1 and y defined as in the discussion before
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Theorem then for any k > 1, if y = 2° withk+%<s <k+2andw = %%, we have

(_l)k:flS(A,k*17Z) _ (_l)k:fls(A,k*17w1/k) +(_1)k72 Z S(A;1k72,(p%)1/(k71)) 4.
wl/kF<p1<z
* Z S(A;_l"'pk—l’ pl"jllzk—l)
(pl..fgkfz)1/2§pk—1<---<p1<z

(1 ) > S(Apypys 5=2)

2
<pr<-<p1<z

P1Pr—1
#{<k+1|wp; <p1- pra1}
+ Z (1 — (k+2) S(A+
pl..$k71 <pry1<--<p1<z 2
Yy
0(7).
log(z)?

Proof. Suppose that a < y is counted a different number of times on both sides of the above. Then
we necessarily have A\(a) = (—1)¥, and the least prime dividing a is less than z. In order for the

contribution of a to the right hand side to be positive, there must be primes p; > - -+ > pr_1 dividing

w

Srpiy SO we conclude that

a such that p; < z and such that the least prime dividing a is at least

any prime dividing a must be at least

w w oY s—(k+1)
prope AT R T > Ve

In particular, the number of such a which have a square factor is O(%), S0 we may assume without
loss that a is square free. If a has at least k + 4 prime factors, then since a has some collection of
k prime factors whose product is at least w we have a > w\/§4 = y, a contradiction. Thus a has
strictly less than k 4 4 prime factors, and since A\(a) = (—1)* we see that a has either k or k + 2
prime factors.

If a has exactly k prime factors, then they must all be less than z in order for the contribution
of a to the right hand side to be positive, so a < 2F < 23%, so the number of such a is at most 23%
Thus we may assume without loss that a has exactly k4 2 prime factors, at least k of which are less
than z.

If two of the prime factors of a are > z, then the remaining prime factors of ¢ must have product
at least w, so a > wz? =y, a contradiction. If one of the prime factors of a is > z and the remaining
k+1 prime factors of a are all < z, then the total contribution of a to the right hand side is precisely
0. Thus, we may assume that all of the prime factors of a are less than z.

If every product of k prime factors of a is > w, then the contribution of a is again precisely
0. Otherwise, we can write @ = q1 -+ qgyo With /2 < g1 < -+ < Qrao, q1- - qx < W, Q1 < 2,

and gi+2 < z. Using an upper bound sieve to bound the number of possible values for ¢ - - - gx by

w

P1"Pk+1’ p1--Pr—1

)
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O(log‘éz) ), we see that the number of such a is O(lof;fj)g_) = O(logl(’z)3 ). O

9.3 Working backwards

9.3.1 Setup

Let A be a (possibly weighted) set of whole numbers, and for each positive integer d set Ag = {a €
A,d | a}. Let k be a real number and by abuse of notation let x : N — R be a multiplicative function

satisfying 0 < k(p) < p for all p, and

S k(p) k’gp(p) — (s + o(1)) log(x).

p<z

Suppose that z,y are such that for every squarefree integer d, all of whose prime factors are less

than z, we have
144l = 52| < w(), (9.3)

or alternatively such that for some fixed € > 0 and every such d we have

Mal = (@] < 5ld) g (9.4)

In particular, we have |A| = y + O(1) in the first case, or |A| = y + O(y/log(y)?**¢) in the second

case. We want to estimate the quantity
S(A,2) = [{a € A,Vp < 2 (a,p) = 1}].

Suppose now that y = 2%, s a constant, y, z going to infinity. Define sifting functions fy(s), F.;(s) by

(4ol ] (1 - *‘;p)) < 8(4,2) < (1+o(1)Fls)y [ (1 - "‘Ef”) ,

p<z p<z

with f.(s) as large as possible (resp. Fi(s) as small as possible) given that the above inequality
holds for all choices of A satisfying .

Recall from Section [6.6| that f,(s) and F(s) can be defined as follows. Let M be the collection
of all finite multisubsets of [0, 1], and for S € M let X(S) be the sum of the elements of S and
|S] be the number of elements of S (both counted with multiplicity). When we write sums like
> ACs) We also count subsets A with multiplicity, so such a sum will always have 2/°! summands.

Let A : M — R be a piecewise continuous function supported on S with X(S) < 1, and define a
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function 6 : M — R by

We say that (A, 6) forms an upper (resp. lower) bound sieve with sifting limit s if A is supported
on multisubsets of [0, 1], 6(0) = A(@) > 1 (resp. 6() < 1), and 6(S) > 0 (resp. 6(S) < 0) for all
S C [0,1] with [S| > 1. Then

. X gno [ g dzy dx,
F.(s) = inf B b, ) L S 9.5
=, ARy AT (9.5)

T1 T

where the infimum is over all upper bound sieves (A, 6) with sifting limit %, and there is a similar
formula for f.(s) (note that when f,(s) =0, we will typically have A\(}) = 0).
The Selberg upper bound sieve corresponds to choosing # = 62 for some other sieve (¢, '), with

¢ supported on X(S) < % In terms of the sieve weights A, this corresponds to

AS)= > UA)(B).
AUB=S
In order to describe the weights ¢, we use the following generalization of the Dickman function. For
s < 0 we set py(s) =0, for 0 < s <1 we set py(s) =1, and for s > 1 we define p,(s) by the

differential-difference equation

s"pl(s) = —hi(s = 1)" Tpu(s — 1),

or equivalently by the integral equation
S
s pi(s) = / P (t)dt".
s—1

When & is a whole number, the function p,(s) has a combinatorial interpretation. Let n be large,
and consider the collection of all ordered pairs (m,¢) where 7 is a permutation of {1,...,n} and
c¢:{1,....,n} = {1,...,K} is a compatible coloring of {1,...,n} (i.e. ¢(i) = ¢(w(i)) for all 7). Choosing
an ordered pair (m,c) uniformly at random, p,(s) is the limit, as n goes to oo, of the probability
that every cycle of 7 has length at most .

The optimal choice for the weights ¢ is given in terms of p, by

S| fo%_sz(s) pr(t)dt”

T
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When s goes to oo this becomes

—iIst 4 1
)~ VIS <5

0 else,

and when s < 2 it becomes

1(S) = (111 - 25(5)%.

Setting
2 pp(t)dt"
0',,@(8) = 7‘]‘0 p ( ) s
e I'(k + 1)
we have

F(s) = h 0<s<2
§ IR = (2e7)FT(k + 1) =5
(s7"0(8)) = —ks " lo.(s —2) §>2,

and the Selberg sieve gives us the upper bound

F.(s) <

ox(s)

The only case in which this is known to be optimal is when ¥ = 1 and s < 2, in which case the

Selberg sieve (A%, 0%) is given by

A(8) = (=11 Y7 (=1)MNPI(1 - 25(A4)). (1 - 25(B))-+,

AUB=S

o5(9) = (X (-1 -2, )
ACS

A(S) = (-l (1 —4> a?).

€S
The B-sieve (M2, 07) is given as follows. The formula
()18 ifvAC S, |A] odd = %(A) + Fmin(A4) <1,

A (S) =
0 else,

gives the upper bound sieve weights, while the lower bound sieve weights are given by the same

formula with “odd” replaced by “even”. Here 8 is chosen such that § — 1 is the largest zero of the
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function ¢(s), where g solves the differential-difference equation

(sq(s))" = ra(s) + rq(s + 1).

When k is a half-integer, ¢(s) is a polynomial of degree 2« — 1 and § is an algebraic number (see [§]
for details). When x = 1, we have § = 2.

The B-sieve is best understood in terms of Buchstab iteration:

— 4] - 3" S(4,.p)

p<z

This leads to the inequalities

s fi(s

| \/
m

H

w
| /\

A variant of Buchstab iteration is given by

S(A,z) =S(A,w)— > S(Ap,p)

wp<z

for any w < z. If y = w' and we already have an upper bound sieve (\;, §;") with sifting limit ¢ and
lower bound sieves (A, ;) with sifting limit u for s — 1 < u <t — 1, the upper bound sieve (X', 8")

u U

we obtain from Buchstab iteration is given by

A (9) if S C[0,1),

N(S)=¢"" . 1
A1 (1) #S=Tu{z},TC[0,2],; <z <

[

When k = 1, the optimal sifting functions f, F' are fixed points of Buchstab iteration. To see
they are optimal, we introduce two weighted sets AT, A~ satisfying (9.4). Both are supported on
[1,y], with the weight on n given by 1 — A(n) in AT and given by 1+ \(n) in A~, where by A(n) we

mean (—1)%(™ (and not a sieve weight). Setting
T (y, z) = S(A*, 2),
we have

Ty, 2) =7 (y,w) = Y 7 (y/p,p),

w<p<lz
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and by the prime number theorem, for 1 < s < 3 we have

Ty, 2) = 2(r(y) - 7(2)) = %ﬁg@) o (logg(/z)?> ’

so for all s > 1 we have

7+ (y, 2) F(s)y()+0< Y 2),

e log z IOg(z)
T (y,2) = f(S)m +0 <10g(2)2) '

Our strategy for constructing sieves in dimension 1 + € is to find an optimal upper bound sieve
(X, 0) in dimension 1 (i.e., a sieve such that the expression inside the infimum on the right hand side
of (9.5)) is equal to F(s)) such that the sum

ad / / dml dx,
S ot T
n—l Tn

is as small as possible, since this sum is the rate of change of the expression inside the infimum on
the right hand side of (9.5) at x = 1. For (\,6) an optimal upper bound sieve with sifting limit

2<s< 3, set
d dx,
/ /03:1,..., L
T

We then have ag =1,a’ >0, and
=F@2)=1+dl+a+---,
while the quantity we wish to minimize is
a§+2ag+3ag+--- .
Note that this is the same as maximizing the quantity
2¢7 — 2 — (af + 248 +3af +---) = af — af — 24 -

As a consequence, it seems that a good rule of thumb is to simply try to maximize af = fo
98

., we have

Letting a5 = a? ,af =a

-9
~ 0.0724, a3 ~ 0.03966,
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and
log(3/2)

a? =1og(3/2) ~ 0.405, af = 5

~ 0.0822, af ~ 0.06705.

Additionally, from the analysis of the Selberg sieve we have

0
e”za—ew’ff‘(m—&—l) =af +2a5 +3a5 + - .

K k=1

9.3.2 Constraints on optimal sieves in dimension 1

The “complementary slackness” constraints on optimal solutions to linear optimization problems

imply that if A is a weighted set satisfying (9.4) with S(A,z) maximal and (), ) is an optimal

log(p)
log(y)

upper bound sieve, then if for d squarefree we set Sy = { s.t. p|d} we get

plnp<z,neA = 0(S,) =0,

Yy Y
A _—— = —
A(Sa) >0 = |Aq4 4~ dlog(y/d)r
Yy Yy
= Ayl -t =——-—"YTFF——.
Mo <0 = 1= G = gty

We know that the set AT maximizes S(A,z) to first order. Since the number of n € AT with

1—e

n < y'~¢ is small for any € > 0, while the number of n € AT with S,, = S is large if ¥(S) = 1, we

conclude that, at least away from a measure zero set,
1

for any optimal sieve, and it seems that any nice upper bound sieve satisfying @ is optimal

(although making this precise is tricky).

Proposition 45. If |S| is odd, min(S) < 1, and £(S) =1, then 05(S) = 0 and 6°(S) = 0 outside

the measure zero subset where the three smallest elements of S are all equal.

Proof. Although this morally follows from the fact that the Selberg sieve and the (3 sieve are optimal,

we will give a direct proof. We have

o°(9) = (X (-1 -2, ) |

ACS

and from X(S) =1 and |S| odd we have

()M = 28(A)+ + (1IN - 28(5\ 4))4 = (- (1 - 25(4))
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for ACS. If S ={z1,...,2,}, then since |S| > 2 we have

POEIEIEESTINEED WEIEIEE SN EED SR SED B

ACS ACS ACS i=1 2;€ACS

Now we turn to #°(S). Supposing that 23 > --- > x,,, we just need to show that for all A C S\ {x,}
we have A9 (A) #0 <= M (AU {z,}) # 0. The only case in which this is not obvious is when |A|

is even and 3(A) + z, + 22, > 1, and in this case we have
YA >1-3z, > 1 -2y —2p_1 — Tp_2=2(S\ {®n, Tpn_1,Tn_2}),
so in fact we must have A = S\ {x,,}. But then from \?(A) # 0 we must have
14+ Frp2+ 20 o< 1l=214+ -+ T2+ Typ_1 + Ty,

so in fact we must have z,_9 = 2,,_1 = Tp,- O

Proposition 46. If (A, 0) is an upper bound sieve with sifting limit s satisfying @, then for any
0 <z <min(,1— 2) we have A(z) = —1.

More generally, if S is a set with min(S) < L and either |S| odd and ©(S) < 1—2 or|S| even and
(S) < 1—1, then 6(S) = 0. In particular, if S is any set such that max(S) < 1 and £(S) <1-2,
then A\(S) = (—1)!51.

Proof. Note that 1_7” > %, so for any set A containing 1_7” we have A(A) = 0. Taking S =

{z, 1_7“, 1_796} in @7 we have

0=0(5)=>_ AMA) =1+ (),

ACS
so Az) = —1.
The more general statement follows by a similar argument, using the fact that 6(A) = 6(AN0, ])
for every set A. O
1
Since we conjecturally have ||Af] — 4| < (%) 2+0(1), it seems that the other complementary

slackness condtions should be treated with some care. If we assume that some version of Pdlya’s
conjecture is true on average, so that |A{‘;| > & for most d having an even number of prime factors

and |Azﬂ < ¥ for most d having an odd number of prime factors, then we might conjecture that
(-1I¥IAS) = 0 (A)

for optimal upper bound sieves which also have small error terms. It turns out that the Selberg

upper bound sieve (A%, 65) does not satisfy condition : taking S to be a set consisting of 9 copies



9.3. WORKING BACKWARDS 126

of %, we get

(o) () ) 2) () -

On the other hand, the Selberg upper bound sieve does not have a very good error term in comparison
with the [S-sieve, which does satisfy . Additionally, the Selberg upper bound sieve satisfies (Al
for sets S with X(5) < %

Generally speaking, linear optimization problems tend to have unique solutions, corresponding
to vertices of some associated polytope. When the solution is nonunique, then the problem is said
to be degenerate - this corresponds to the polytope having a face which is contained in a level set of
the linear function we are trying to optimize. In the case of the linear sieve (i.e. x = 1), the problem
turns out to be infinitely degenerate. From this point of view, the Selberg upper bound sieve method
corresponds to restricting ourselves to some ellipsoid contained in our polytope. Since the Selberg
upper bound sieve is actually optimal when x = 1 and s = 2, this means it “should” correspond to
some sort of interior point of the degenerate top face of our polytope. Thus if §9(S) = 0 for sets
S satisfying some simple property, then it seems likely that 6(S) = 0 for any optimal upper bound

sieve and any set S satisfying the same property.

Proposition 47. For |S| > 2, min(S) < 1, £(S) < 1, we have 65(S) = 6°(S) = 0.

Proof. We have ,
05 (5) = ( S (i - 22<A>>+) ,

ACS

and from X(S) < 1 we have (1 —2%5(A)); =1—25(A) for AC S. If S = {1, ...,z,}, then

n

S (=l —2x) = > (- —23 " Y (—pHi=o.
ACS

ACS i=1 2;€ACS

Now we turn to #°(S). Supposing that 21 > --- > x,,, we just need to show that for all A C S\ {z,}
we have \9(A) #0 <= M (AU {z,}) # 0. The only case in which this is not obvious is when |A|
is even and 3(A) + z, + 22, > 1, and in this case we have

S(8) = nan > 2 > 1 — (S(A) +2,) > 1 — B(S) >

)

DO | =

a contradiction. O

Based on this, we conjecture that any optimal upper bound sieve has the property

S > 2, min(S) < ©, 5(S) < 5 = 6(S) = 0. (

N =
N[=
~
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If we assume (EI), we get the nice formula

max(5) < 3 3(9) <

= AS) = (=111 = o))

zeS

N =

which determines many of the sieve weights in terms of the sieve weights attached to singletons, so
it seems that the most important thing to focus on is the function 6(x). By Proposition we have
f(x) =0 for 0 <z <min(L,1— 2), and since the sifting limit is s we have §(z) = 1 for > 1. The

Selberg upper bound sieve has

472 ifo<z<i
0% (z) = -T2
1 else,

while the §-sieve has

0 if0<z<min(1, 1),
0° (z) = sz <min(s )
1 else.

The following conjecture is natural, if unjustified:
r>y = 0(z) > 0(y). (>)
Now we consider the support of A. In the case of the Selberg upper bound sieve, we clearly have

M(S)#£0 = JACS, ¥(A) < -, B(S\4) <

1
5"

DN =

The [-sieve has a more interesting constraint on its support.

Definition 18. A set S is flexible if for every 0 < x < 1 there exists A C S such that 3(A4) < z
and 3(S\ A) <1—ux.

Proposition 48 (from section 12.7 of []]). If for every A C S we have L(A) +min(A) < 1, then S
is flexible. In particular, if \N°(S) # 0 then S is flexible.

Proof. Set v = min(S), S’ = S\ {u}. By induction on |S|, we see that S’ is flexible. Let 0 <z < 1,
and suppose that A’ C S’ satisfies X(A') <z, (5" \ A’) <1 — 2. Since

(A U{u}) +32((S"\ A) U {u}) = X(S) + min(S) <1

by assumption, we must have one of (A’ U {u}) <z, B((S"\ A") U{u}) <1—z, so at least one of
the choices A = A’ or A = A" U {u} satisfies 3(A) <z, Z(S\4) <1-z.
Now suppose that A?(S) # 0, so that for any A C S with |A| odd we have ¥(A) + 2min(A) < 1.
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Then for any A C S with |A| even, if A’ = A\ {min(A4)} then |4’| is odd, so
Y (A) + min(A) = L(A") + 2min(A) < B(A") +2min(4") < 1. O

It seems that as s decreases from oo to 2, the supports of optimal sieves get gradually less flexible,
although it isn’t clear what the correct weakening of flexibility should be. The following conjecture
seems plausible:

21
SC==,-], M($) #£0 = () <

)
S S

@ | N

(F)

9.3.3 Upper bound iteration rules

Here by an iteration rule we mean a special type of sieve, used to get new bounds on S(A4, z) given
upper and lower bounds on S(Ag4, w) for squarefree numbers d having all their prime factors between
w and z. Supposing y = z° = w’, if (A\*,0%) is an upper bound sieve such that every set in the

support of A\ is contained in [%7 %], then the corresponding iteration rule is given by

S(A,z) < Y NH(S)S(Ag,w),
d squarefree
pld = w<p<z

log(p)
{ log(y)

in an obvious way. The main advantage of using iteration rules is that it is typically very easy to

where Sy = s.t. p | d}. This leads to an iterative inequality on Fj(s) in terms of F, fx
check that (A%, #%) is a valid upper bound sieve. Our main concern is with iteration rules which are

optimal when k = 1, i.e. such that the pair of functions F, f is a fixed point of the iteration rule.

Theorem 40. Suppose that the upper bound sieve (A, 0%) has A\ supported on sets contained in
[1—2,1], and satisfies the conditions (O)), (A), for all sets S C [1—2,1]. Then the corresponding

s?s s?s

iteration rule is optimal in dimension k = 1.

Proof. Set t = 1E , W= y%. By condition , the iteration rule is given to first order by

o I

F (S)ﬁ(z) < 2 A”(Sd)F(ttE(Sd))myo/(w)+ 3 Alt(Sd)f(ttZ(Sd))wg(m.
s n(d)=1 s (d)=—1 &
pld = w<p<z pld = w<p<z

The main idea is to exploit the fact that S(A*,z2) = F(s)#g(z) +0 (ﬁ) and S(A™,z2) =

F(8) iy + O (logl(fz)Q) for all s > 1. Since A*(S,) # 0 implies t — t5(Sg) > ¢t — -2 = 1 by




9.4. THE RANGE g <8 <3 AND PROBABILITY DISTRIBUTIONS ON THE TRIANGLE129

condition , we just need to check that

i i - Y
S(AT,z) = Y N(S)SA,w)+ > N(S)S(Ay,w)+ O <log(z)2 >
p(d)=1 p(d)=—1
pld = w<p<z pld = w<p<z

Since nonsquarefree numbers don’t have a large contribution to either side, and since Az{ is supported
on numbers with an odd number of prime factors while A} is supported on numbers with an even

number of prime factors, this follows from condition @ O

We can describe the sieve weights produced by an iteration rule as follows. For every u, let

(A}, 60:5) be an upper bound sieve with sifting limit « and let (A, ,6;,) be a lower bound sieve with

ur’u u’’u

sifting limit u. Let (A, 6%) be our iteration rule sieve, with A" supported on sets contained in [4, 1].

Then the resulting upper bound sieve (A, #) is given by

s < LB oy 1 (VD XSO D 0
NS N[L DA ])( \[%,1]) if /\“(Sﬂ[%,l]) <0.

0 (z) if0<z<i,
O(x) = 0% (z) ifi<az<i
1 else
9.4 The range % < 5 < 3 and probability distributions on the

triangle

We will assume throughout that we are working with an optimal upper bound sieve (), 6) with
sifting limit g < s < 3 satisfying conditions @, , (F]), and trying to maximize the quantity a; =

1
f02 G(x)d% subject to these constraints. By Theorem we only need to consider the constraints

involving sets S contained in [1 — 2, 1].

s’ s

By condition (E)), if S C [1 — 2, 1] and A(S) # 0, then |S| < 4 since 4(1 — 2) > 2 for s > 3. By

condition we have \(S) < 0 if |S| = 3, so if for some z,y,z € [1 — %, %] we had A(z,y,2) <0,

then we would have

K\ [k (k
O{k - k-y k-2}) = Z ( ) <b> ( ))\({a.x7b~y7c.z}) < KAz, y,2) +O(k*) <0
0<abe<k ¢ ¢
for k sufficiently large, a contradiction. Thus A(z,y,z) =0 for z,y,z € [1 — 2 %]

s



9.4. THE RANGE g <8 <3 AND PROBABILITY DISTRIBUTIONS ON THE TRIANGLE130

2 1

Note that for any z,y,z € [1 — £, ¢], A(z,y,2) = 0 implies that

O(z,y,z) =0(z,y) +0(x,2) + 0(y, z) — 0(x) — O(y) — 0(z) + 1.
Applying Proposition |46 (which used condition @) to the set {x,y} of size 2, we find
x—|—y§1—§ = f(z,y) =0.
Using condition @ directly, we also have

1
etyt+z=1 2925 - = 0(2) +0(y) +0(z) = 0(z,y) +0(z,2) +0(y,2) + L.

It’s convenient to replace the interval [1 — 2, 1] by the interval [0,1]. Let ry(z) =1— 2 4 (2 —1)a.

S

Let f(z) = 0(rs(x)), and let g(z,y) = O(rs(x), rs(y)). Note that r4(3) = %, so if # 4+ y + 2z = 2 then
rs(z) +rs(y) +rs(z) = 1.

Theorem 41. Suppose f:[0,1] — R and g : [0,1]> — Rx>q are nonnegative functions such that
r+y<1l = g(z,y) =0,

Vr,y,z €[0,1] f(z)+ f(y) + f(2) < g(z,y) + g9(z,2) + 9(y, 2) + 1,

and

r+y+z=2 = f(@)+ fy)+ f(z) =g(z,y) +9(z,2) + g(y,2) + 1.
Then we have
a) f is nondecreasing,

b) for every integer n > 1,

¢) f is integrable and fol f(@)de = 3,

d) g is nondecreasing in either argument, and moreover satisfies the inequality
w<zy<z = g(x,2)—gw,z) = g(z,y) - g(w,y),

e) if f,g are continuous then they come from a symmetric probability distribution p supported on
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the simplex {a,b,c € (0,1 | a + b+ ¢ = 2}, according to the formulae
f(.’L’) = Pu(a,b,c) [a < 'IL g(l:, y) = Pu(a,b,c) [a <zAb<L y]7

Proof. Part a): suppose 0 < a < b < 1, we will show that f(a) < f(b). Choose a nonnegative integer
k such that
2a —b< k(b—a) <b.

For each 0 < i < k, set

b+ (k— 2i)(b—a)
2

b+ (2t —k)(b—a
, Toip1 = 1-— ( 2)( )

T =1-—

Note that by the choice of k we have a+x¢g = a+x9p+1 <land 1-b<z; < 1forall0 <¢<2k+1.
Furthermore, for each ¢ we have b+ x9; +x2;41 = 2 and a+x9;,_1 +z2; = 2. Thus, foreach 0 < <k

we have

(b, 29;) + g(b, x2i41) + 9(z2:, x2i41) + 1,
(a,z2i) + g(a, v2i41) + g(T2i, T2i41) + 1,

Adding together the inequalities and subtracting the equalities, we get

fla) <

f(b) +g(a,20) + g(a, var+1) — g(b, x0) — g(b, T2k +1)
f(b) —g(b,20) — g(b, w2p41) < f(b).

Part b): first we prove the left hand inequality. For every ordered triple of integers 0 < i,j,k <n
satisfying i + j + k = 2n, we have an equality

)+ FE) + (5 = g(2, 1)+ g2, 5) + g2, B) + 1.
Also, for every ordered triple 0 < 4, j, k < n satisfying i + j + k = 2n — 1, we have the inequality
FG+ TG+ I(5) < 9 2) 90 5) + (8 41

Adding the inequalities and subtracting the equalities, and using g(%, %) = 0 when i + j = n, gives
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the left hand inequality of b). For the right hand inequality of b) one uses equalities corresponding
to triples 0 < 4,4,k < n with ¢ + j + k = 2n, and inequalities corresponding to triples 0 < 1i,j,k <n
withi+j+k=2n+1.

Part c) follows immediately from parts a) and b).

The proofs of parts d) and e) can be found in the second appendix. O

Thus 6(x) is increasing, and the average value of f(z) on the interval [1 — 2, 1] is £. Since 1 is

1
decreasing, in order to maximize [* , 0(x)% we must take (z) = % identically on this interval. In
1-21

s’ s

terms of A, this is corresponds to taksing Az) = f%, AMz,y) = % for all z,y € |

can easily check gives an optimal upper bound sieve iteration. For s = % the resulting sieve has

3 dr log(2
ay = / 0(z) % = %8(2) | 1og (i) ~ 0.454.
0

|, which we

T 3

9.5 Further iteration rules as we approach s = 27

First attempt:
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Theorem 42. If A is such that |Aq| =0 for all d with d > YT, and if 25 <y < 23, then

Yy 4 Yy 2 Yy
SAnzsAL) -2 Y S -: Y s,
L <p<z Z<p<y
8 Yy, , 3 Yy
- B Z S(Apa 272) + 5 Z S(qu, 272)
ul<p<z Y <q<p<z’
7 Yy 1 Yy
15 Z S(Apg; 22) T3 Z S(Apq, Z72)
Z'%Sq<§ﬁp<'§ Z%Sq<§
Z—iﬁp<z
1 Yy 4 Yy
+3 Z S(quazg)“‘ﬁ Z S(qu,;)
2= <gq<p<ip §§q<§ﬁp<z
1 Y 2 Y
"‘g Z S(qu,?)— 5 Z S(qur’ﬁ)
§§q<p<z z%gr<q<p<§
pqr2<z2
4 3log(qr) Yy
- — 1—- ———= | S(4p4r, =
15 2 ,2 ( 8log(y/p) (Apar- 22)
KL <r<g<iE<p<i;
1 Yy
Tz Z S(Apgr, 2*2)

3
z%gs<r<q<p<%
pqr2<22

1 log(grs
Jrﬁ Z (1 gl )> S(qurvz%)
+

P S log(y/p)
22 = q< Y —p<?(

9.6 Numerical computations at x = %

When k= 2, we have of = 3.9114..., 8P = 3.11582... [3]. In particular, we have o2 < 8P + 1, so

Corollary can be applied to s in the range a? < s < 8P +1 with t = —%5. The improvement to

s—pPb

the value of F;(s) in this range is nonzero, but very small. Combining this with ordinary Buchstab

iteration for the lower bound, one can show that 3(2) < 3.11570.

If we apply the iteration from Corollary [11] directly to FIP, fP then the values of s,t for which
the quantity s” f,;(s) is improved the most are given by s & 4.85,¢ &~ 5.52. This results in the bound
B(5) < 3.11554.

Tteratively combining the improvements from Corollaries [10[ and we get B(2) < 3.11549.



Appendix A

Proof of bounds connected to

Selberg’s model problem

A.1 Saddle point method

For any v > d + 1, we defined the polynomial f, by

d! n
fo(n) = 1}‘1"'12&(7“)’

where
d+1—r

d+1—-r—Fk
ey T
k=0
as in Selberg’s construction.

Theorem 43. Ifn,q,d > 1 with 4(n + q)® < d, and if v = d + q, then we have

nlen/? 2

-—n - n n L
'U(n+2)/2f1,(n =+ 2) = W% (’L exp ('L(§ + q) I + O(\/;%))) edv .,

Proof. We compute f,(n + 2) by the following formula from Proposition

! dz
n+1 2) = L vz(] d,—n>“"~
V" fy(n 4+ 2) o] /Ce ( z)%z —

where the contour is taken to be a circle of radius \/? centered at the origin. Since the logarithmic

d
11—z

root of vzZ — (n + )20 + n = 0 having positive imaginary part.

derivative of the integrand is v — — 2, the integrand has saddle points at 29, 2o, where zq is the

134
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Writing z = /Ze®, 2o = \/Ze'®, we have

! 2m .
WL ) = g [ e zydas.
2mnn/2 g

To see that we may restrict the integral to a small interval around 6y and 27w — 6y, we consider the

real part of the logarithm of the integrand as a function of cos(6):

. ) d n
vz—inb _ d — . _ n ,i0 — _ _ n
log |e (1 —2)% = v/nvcos(f) + dlog ‘1 \/Ze vnv cos() + 5 log (1 + " 2\/Zcos(9)).

Taking the second derivative with respect to cos(f), we obtain

d? : 2d 2d
> log ‘evz—mé(l _ Z)d| - _ n < _ nv

(dcos(6)) o(i+2—2yTese)  VEVOY

SO
n(cos(8)—cos(6p))?

v (1 — 2)? V20 (1 _ po)dle” WtV
le”* (1 —2)% < [e"(1 — z0)"e

and we see that we may restrict our attention to 6 with | cos(f) — cos(6p)| < %. Since cos(fp) =
2’7% < 1 this is equivalent to restricting to the ranges |0 — 6| < % and |0 — (27 —6y)| < %.

Around 6y, the integrand can be written as

2070 (1 — z9)% exp (a8 — 60)* + B(0 — 60)® + O(n(6 — 60)")) ,

with
_ v dzo d=3 B (g—n)(vzo—n) n
T Ty Tai o T 2d - "+O(("+q)\ﬁ)’
CE) idzp idz? idzy 2in n
B= = T oi—z) 20— 30-2p 3 +O((”+q)\ﬂ)'

Thus we have
exp (a8 — 60)> + B(8 — 0)° + O(n(68 — 6p)")) = e*@=%)* (14 8(8—60)>+O(n(9—b0)* +n*(6—6,)°)),

and after integrating we get

st

2
vz—inb o d _ vzo—1inby o d/m n+q
/O V= =im(1 — 2)ddg = 2R (e (1—20)*YE(1 +O<m))> .
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By the defining equation for z; we have %zg =—-1+ ”Tﬂzo, o)
e~mbo —j—m (1 — n—l—qz _n/Q—i_”ex n—l—qz - (n+9)° +0(21)
B n 0 o P 2 4v vno/ |-

Also, we have

vz n n n -+ n(n —2 n
e °(1—zo)d:exp<2+(3+q— 2q>2’0+ ( q>+0(\/%)>,

2v v2

s0, using 2o = i,/Z + ntq 4 O(("+q)2), we have

n!

(n+2)/2 _ : —n no s ny ntgq
v fv(n+2)—ﬁn(n+1)/2§}%(z exp (3 +i(3 +a)y/2+ £ +0(29))). 0

A.2 Log-concavity method

We'll repeat the definitions and a few of the results from Section[4.2] focusing on the case v = d+ 1.
We define the polynomial f of degree d by

s =Y 6(7)

i<d
where e

d! Trd+1—r—i ,

0, = (—1)"—— L d+ 1),

S P ; EECREY)

and we wish to describe the behavior of the roots vy, ...,vg of f(n) =3, €;(7) as d gets large.

Proposition 49 (Proposition . The roots v1,...,vq of f are all real, positive, and greater than

2. For any integer n, the closed interval [n,n + 1] contains at most one root v;.

Corollary 12 (Corollary [i). If n is an integer with f(n)f(n+2) <0, then the interval (n,n + 2)
contains exactly one root v;, and whether v; is above or below n + 1 is determined by the sign of
f(n+1).

From here on we assume that v < --- < 1y.

Remark 6. Numerical calculations indicate that we even have v;41 > v; + 2 for every 1.

Proposition 50 (Proposition . Let n be a nonnegative integer. Then

o= () )

Furthermore, we have f(0) = (dfl?dﬂ'
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Proposition 51 (Proposition . Let a(n, k) be the number of permutations of an n-set having

exactly k cycles of size greater than 1. Then for n a nonnegative integer we have
1 k k
fn+2) = gy zk:(q) a(n, k)d".

In particular, f(n+ 2) is positive for large d if and only if | 5| is even.
More generally, define aq(n,k) by

ag(nk) =Y (7) ea(n—1,k)d,

l

where co(m, k), an associated signless Stirling number of the first kind, is defined to be the number
of derangements of an m-set having exactly k cycles of size greater than 1 (so that a(n, k) = a1(n, k)
and ca(n, k) = ap(n, k)). Then we have

S-a 03 () (7) = g L4709 = S0 et

where C' is any contour winding counterclockwise around 0.
Corollary 13. If k is fized then vy approaches 2k + 1 from above as d goes to co.

Proof. By the previous proposition, for any m > 1 we can find dy sufficiently large that for any
d > do we have v; € (25 +1,2j +2) for 1 < j < k+m?. For any d > dp, we then have

I

Gk

2k 41 25 —1 2 +1
W’Z 11 J ~ I1 j;; S5 /M.

vj—(2k+2) 1<j<k 2J 1<j<m

By the previous proposition, we have

Il

v — (2k +2)

v, —(2k+1)‘ f2k+ 1) . a(2k — 1,k —1)
|f(2k + 2)] a(2k, k)

v —(2k+1)
v —(2k+2)

that limg_, oo v = 2k + 1. O

as d — 00, so we must have

‘ < \/% for d sufficiently large. Taking m to infinity, we see

Proposition 52. The coefficients a(n, k) are log-concave in k, that is,
a(n,k)? > a(n, k — Da(n, k +1).

More generally, for any ¢ > 0 the coefficients aq(n, k) are log-concave in k.

Proof. This will be an application of Theorem 2.5.2 of Francesco Brenti’s memoir on log concavity
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1] (since the proof is short, we’ll reproduce it here). We will show more generally that if ¢; is a

finite nonnegative log-concave sequence without internal zeros, then the expression

k!
Ck = Z MCQ(”% k)Qm

m>0

n—m

is log-concave in k. Plugging in ¢, = m!( )q gives (a stronger form of) the Proposition.

n
m

We start with the easy observation that for any ¢, j we have

i+ S m ) .
("7 )eatimii-+) oy (7 )exteent
Thus, if we define the matrix L by L., = %@(m,k), then L has the “semigroup property” of
Francesco Brenti [I], that is, the i + jth row of the matrix L is the convolution of the ith row and
the jth row for any 4, j.
The second ingredient we need is that every two by two minor of L is nonnegative. Since every

entry of L is nonnegative, with L;, , = 0 exactly when 2k > n, this will follow from the inequality
co(nyk)ea(n+ 1,k +1) > ca(n, k+ 1)ca(n+ 1, k). (A1)
Applying the recurrence
ca(m,l) = (m —1)(ca(m — 1,1) + ca(m — 2,1 — 1))
with (m,l) = (n+ 1,k+1),(n+ 1,k), (n,k), and (n — 1,k — 1), we see that is equivalent to
(n—1)(ca(n—1,k)+ca(n—2,k—1))ca(n—1,k) > (n—2)ca(n, k+1)(c2(n—2,k—1)+c2(n—3,k—2)),

which follows from the log-concavity of co(m +[,1) in [ for m =n — k — 1 fixed. The log-concavity
of ca(m +1,1) in [ is well-known and can be proved by an easy induction on m using the above
recurrence (in fact, by Theorem 6.7.2 of [1] co(m +1,1) is even a Pdlya frequency sequence in 1).
Now we can apply the proof of Theorem 2.5.2 of [I]. Let @ be the matrix defined by Q; ; = i+,
then if g; is log-concave every two by two minor of @ will be nonpositive. By the Cauchy-Binet

identity, we see that every two by two minor of

C=LQL'
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is nonpositive as well. We have

Cij =Y LiwQuyLjy

z,y

= Z ( Z Li,zLj,y> qm
m r+y=m
= Z Li+j7QO

= Citj,

so the nonpositivity of the two by two minors of C' implies the log-concavity of cx, and we are
done. O

Corollary 14. If vy > 2k + 2, then
4k% + 9k* — 4k > 9d.

Furthermore, for any fived j, if k; is the first integer k such that vy, > 2k 4+ 1+ j then as d goes to

i 2R _ <37TJ>2

d—o0 d 2

infinity we have

Proof. By the previous propositions, for the first claim it’s enough to show that for 4k3+9k2—4k < 9d
we have a(2k, k)d > a(2k,k — 1). We have

a(2k, k) = (2k — 1)(2k — 3) -1 = (2k — D)1,

and
a(2k, k—1) = (?) (2k—3)!!+2-2k(2k3_ 1)(2k—5)!!+222!(26k> (g) (2 —T)1 16 (24]‘“) (2k— B,
S0 . B - - B 5 -

(2?2: k)l) . 4k(l~c3 ), dh(k ;)(k D) o~ M +99k 1k

For the second claim, we will apply Corollary 4| by showing that for every k < V/d, we have at

least one of f(k—1)f(k+1) <0 or f(k)f(k+2) <0, depending on whether k is even or odd and

on the size of 4/ (29%)3 modulo 27. More precisely, we will show that for L > %, we have

2k+1 g _ 3
1 Gy T2k 2) = 3 SR cos (AT ouh + o)

l
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and

(d + 1)2++2 ~1) a(2k +1,k 1) pyre
Tah TRy )= - CTETLE = ks (V&) 002+ O )

l

(=1

In order to determine the size of a(2k, k), we note that for any fixed [ and k large, the largest
contribution of permutations on 2k symbols with k£ —1[ nontrivial cycles comes from the permutations

with as few 2-cycles as possible, so we have

a2k, k—1) 22 (2% 61 \ (2k —61— 1) L (2k)3! B
a(2k,k) — (20)! (61) <3, ...,3) W + Ok ) = (20)13% + Oy (k).

Using the log-concavity of the a(n, k)s, we see that if we take L even and large enough that a(2k, k —
L)/dY > a(2k,k — (L + 1))/d**!, then we have

2 ((;ll))!l((29]23)l+OL(]§LLj)<§l:(dl) %2:121 g; 20)! ( 9;3)Z+OL(%)'

I<L+1

Taking L > @R e get

9d
g _ e
> i —oos (V&F) + outh + o).

l

Similarly, for large k we have

ak+1,k—1)  (2k)*
a2k +1,k) (204 1)!132

+ Ol(ki%l—l)7

which gives

(=1)! a(2k + 1,k 1) T
2 d aRk+1k) \/%Sln (F%) +0L(3) + O(4)-
1 ’

Taking L sufficiently large, we see that for k> < Ld (and k,d large) the sign of f(k)f(k + 2) is

negative unless either k is even and (2923 is close to a multiple of 7, or k is odd and %
close to an odd multiple of 5. Using Corollary 4} we see that
i (2R2i-)? ( , 7T>2
im ———— = - =
itoe  9d Ty
and
lim ¢ 2J)3_(7r‘)2 O
d—oo 9 J
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Remark 7. Numerical calculations support the approximation

2 v
~2%+ 14—k
Yk sV

when k is small compared to d. When d = 1000 and & < 100, the absolute error is less than 0.05.

On the other hand, we seem to have v; =~ 4d, so the approximation breaks down for large k.

Proposition 53. Let

For (2k +2)® < 18ad, a < 1, we have

102k + 2)|
(2k + 2)!

a2k 1C
225 12 @ LCOk
(d+ )72 (1-a) (d+ )2k 24k

where Cy, = %_H(zkk) is the kth Catalan number, and

10(2k + 1)]
2k 1 1)!

2 2k(k+1)(2k+1) Gy
d+1)%-2 9d+1) 4k

@17 = (1-5)

Proof. By the log-concavity of the a(n, k)s, since 4k® 4+ 9k? — 4k < £(2k + 2) < 9ad we have

d* 1 2k — 1)!d*
|f(2k +2)] = (d+ D2t (a(2k,k‘) - Ea(Qk:,k - 1)) > (1- a)((clﬂ)gkﬂ,
2%k _ 2 2k
IR 2) ()4 12642 > (1 - )2 (dj— 1)2F 2 +(12)15(ik2)! L) RN S

(2k 4 2)! (d+1)2k 2 4F°

Similarly, using the formulas

a@kLkl)@kDH+m<%3l)@k@u@k;D”
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and

a2k — 1,k —2) = <2k3 1) (2k — 5)11 + 21(2’“3 1> <2k2 4) (2k —T)!!

+ 3!(%4_ 1) (2k — 5)1! + 4! <2k5_ 1) (2k — 7)1

+ 22%2 (2’“6_ 1) (g) (2k — 7)1 4 213! (2’“3_ 1) <2k4_ 4) (2k — )

218 12k —1\ [ 9
= 2k — 11)!!
IR

_ 2 _
_ (kb —1)(20k2 + 35k — 123) (% 4 D)1,
405

we see that since (k — 1)(20k? 4 35k — 123) < 2(2k + 2) < 135%d, we have

k-1 1 ay (2k + )Nak—1

£+ 012 oy (a(2k—17kz—1)— da(2k—1,k—2)) > (1— §) ST
0(2k +1)] an? A2 ok((2k 4+ 1)I)?
@k ATV 2 (1-3) @+ 1)P29(d+ 1)(2k 1 1!

_( _g)z R 2k(k+1)(2k+1) Gy
B 3/ (d+1)2k—2 9(d+1) 4k

We can now give our first improvement on Selberg’s lower bound sieve, at v = d + 1.

Theorem 44. For every d > 4 there is a polynomial 84 of degree 2d + 1 with 64(0) = 1, O4(n) <0
forn € NT, and

Ba(n n 1
> dé!)(d—kl) > 75

Proof. Tt’s easy to see that for any root v of g, we can find a quadratic polynomial ¢ such that

ar(0) =1, ,
0< qu(n) < <1—")

Vi

n

for n € N, and at least one of g;(|vx]), ¢x([vk]) is 0: for instance, we can take

i) = (120 =i (2 (1 220 L (1 DY)

We define 0, by
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If we set O(n) = (1 —n)f(n)?, then we have

Vi |-

Z%(dqtl)”zzafg d+1)" me( J)|(d+1)MJ 16(wx DI (H 1]')|(d+1)f”ﬂ).

n

Since Y, ¢ (d—|— 1) =0 and 2k +1 < v < 2k + 2 for (2k +2)3 < 18d, we can apply the previous

Proposition to see that

9d< ) 2k+23\> d* (1 2%k(k+1D)Rk+1)\ Cp 1
ECLICEEESED D (B - min (2, Gy L
— T ke <18 18d (d+1) 2 9(d+1) 4 Y

O

nn'

We come at last to trying to prove a lower bound on vg. For any v > d + 1, we define the

d!
fo(n) = WZKT(ZL)?

polynomial f, by

where
d+1—r

d+1—-r—k
=D > ———
k=0 ’

as in Selberg’s construction.
Proposition 54. For ¢ = v —d < V/d, we have

—14d! r -1
4 — Y1 q—F(d—i— Lo~ %’ > 1
vt & r! v

fo(0) =1~

as well as

—€

~ ! v Vd

S L o (1)1, 0) = (V3R + o(1)e5 L, 0),

Furthermore, for every nonnegative integer n we have

div (V" fo(n+2)) = nv" fu(n + 1)

and

fo(n+2)= n+1z Y*a,(n, k)d

Proof. The first two claims are easy calculations. For the last two claims, we use an analogous

argument to the proof of Proposition [16] to see that

= e ()
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n+1

Multiplying by v and differentiating each term of the sum with respect to v we get the claim

about the derivative of v"*1f,(n + 2). The last claim follows from Proposition O

Lemma 1. ForOﬁk:v—d—lS? andlﬁjg\s/g—l we have

. ] . . . ] 11
it (2];_1 + k) (25 — ! > (_1)]—11)2]]0”(2]' +1)> (1 _ 247> dj_lw

and

5d  2kj(2j +1)

d7 (25 — D) > (=1)70 T f (25 +2) > /7! < 5 3

- k2j> (25 — ! >0.

Proof. We prove these inequalities by induction on j. For the base case we use the identity v f,(2) =
1. By the previous Proposition, we have
v

OB (24 1) = (d+1)2g(2 + 1) + (2 — 1) / I (2 du
u=d+1

By the induction hypothesis, we have (—1)771£,(27) > 0 and (—1)7"1u?71£,(25) < &771(2j — 3)!,
so the claim follows from the bounds established on ¢(2j + 1) in Proposition The second bound

is proved the same way, except this time (—1)7v2/71f, (25 + 2) is decreasing in v. O
Theorem 45. I[f R =2d+ 1 and d > 8 then vg — (d+ 1) > V/d.

Proof. By the same argument as the one used in the proof of Theorem forany v < d+ 1+ ?
we can find a polynomial 6, of degree 2d + 1 with 6,(0) = f,(0)2,

0> ,(n) > (1 —n)f,(n)?

for n € Nt, and such that for any 1 < j < V/d — 1 at least one of 6,(2j + 1),60,(2j + 2) vanishes.
Setting kK = v — d — 1, we see that

Ou(n) ., (1—n)fv(n)2 n : 2jfv(2j+1)2 2j+1 (2j+1)fv(2j+2)2 2j+2
DT Zzn: DY mm( i+ i 2j+2)l " +>'

n 1<j<Vd-1
By the previous Lemma and Proposition, this is at least

d! 4N\%2i(+1)(2) +1)d%—2
oy mm<<1 > JU + () + )2
v

27 9p2i—1
1<5< V-1

L(5d _2kj(2j+1) 5 \*d¥ 2\ 0
2\ 9 3 V) i
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The sum in the above is easily seen to be > and e”v(‘f%k: < %, so for k < V/d the above is

1
%7
positive. 0

The implied constant in the previous Theorem is very small. In order to get a better constant,
we have to get more accurate bounds for f,, and further we need the bounds to be valid in a larger
range for j, k. One can argue similarly to Corollary [14|to show that if j, k,d — oo with 53, k® < d,

and v = d+ k + 1, then we have

(—1)7 ¥ (25 + 1) ~ dj—l\/QEjsin ((233 + k:) ﬁ) (27 — D!

and
(=102 £, (25 + 2) &~ d’ cos <<233 + k) 2;) (2 — I



Appendix B

Solution to system of functional

inequalities

In this appendix, we will state and prove the full form of Theorem In order to state it correctly,

we need to first define the topological space on which the associated measure is constructed.

B.1 Decorated reals and the decorated triangle

In order to choose how to break ties in inequalities, we will “decorate” real numbers with exponents
from {+, —}, so that ™ should be thought of as a number infinitesimally greater than z while 2~

should be thought of as a number infinitesimally smaller than z.

Definition 19. A decorated real is an element (z,+) of R x {4+, —}. We write & as shorthand for
(x,4£), and we call the choice of sign + the decoration of z*. We write RT for the set of decorated
real numbers. We define an ordering on R* by aT < b* if either a < bor a = b and F < +. We
define the decorated interval I* to be I* = [07,17]. We define the topology on R* to be the open

interval topology.
Now we collect a few basic facts about this topological space.

Proposition 55. R* is a totally disconnected Hausdorff space, and the sets [a*,b™] with a < b
form a base of open sets for RT. If I* = [0~,1F] with the induced topology, then I* is compact,
and every clopen set of I* is a finite union of basic open sets of R* and possibly endpoints 0~, 1%
of I*.

Any nondecreasing function f : [0,1] — [0, 1] can be associated to a probability measure on I*,
such that the measure of the set [07,a7] is f(a). The main result of this section can be viewed as

a sort of 2-dimensional generalization of this fact.

146
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Definition 20. The decorated triangle A* is the set of (z*,y*, 2%) € (I7)3 such that z+y+2z = 2
and such that the three decorations are not all equal. A polygon contained in A% is called aligned
if every edge is perpendicular to one of the x,y, or z axes, and if it is clopen. An aligned polygon is
called an zy-rectangle if it is convex and every edge is perpendicular to either the z-axis or to the

y-axis.

Proposition 56. AT is a closed subset of (I7)3, and is therefore compact. The clopen subsets
of AT are exactly the finite unions of aligned polygons and possibly clopen subsets of the edges
{a* =1}, {y* = 17} {zF = 1T} of AT, If an aligned polygon P of AT is written as a disjoint
union of an arbitrary set of aligned polygons, then the union must actually be a finite dissection of
P.

We will eventually construct a measure on A* by first defining it on zy-rectangles and aligned

triangles. To that end, we need the following result.

Theorem 46. If i is a function taking xy-rectangles and aligned triangles to [0,1], then it can be
extended to a measure on the o-algebra generated by the aligned polygons if and only if it satisfies

the following three dissection conditions.

a) If an xy-rectangle S can be dissected into two aligned triangles Ty, Ts, then pu(S) = p(T1)+u(Ts)

note that in this case, S must be “square”).
s q

b) If an xy-rectangle R is dissected into two smaller xy-rectangles Ry, Ry (by cutting it in either
the x direction or the y direction), then p(R) = pu(Ry) + p(Rz).

¢) If an aligned triangle T is dissected into an xy-rectangle R and two smaller aligned triangles
Ty, Tz, then p(T) = p(R) + w(T1) + p(T3).

Proof. First we describe how to extend p to arbitrary aligned polygons. Let P be an aligned polygon.

We say that a finite set of line segments L contained in P is good if it satisfies the following conditions:
e every edge of P isin L,
e every element of L has its endpoints on the boundary of P,

e every element of L which is not a boundary segment of P is perpendicular to either the z-axis

or the y-axis,

e at any point p where two elements of L meet, there is a segment from L passing through p
which are perpendicular to the z-axis and a segment from L through p perpendicular to the

y-axis.

First we show that a finite good set of lines L exists. Only the last condition on the set L poses

any trouble, but we can satisfy it by adding sequences of lines that “bounce” off the edges of P
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perpendicular to the z-axis finitely many times. It’s easy to see that the segments in a good set L
dissect P into finitely many rectangles and triangles, and we define u(P) to be the sum of y applied
to all these rectangles and triangles. To see that this is well-defined, let L and L’ be two good
collections of lines, and note that L U L’ is also a good collection of lines, and that L U L’ may be
obtained from either L or L’ by a sequence of dissections as in conditions b) and ¢) of the theorem
statement.

To see that p is finitely additive on clopen sets, it’s enough to check that if P is an aligned polygon
and [ is any line segment dividing P into two aligned polygons Py, P, then pu(P) = pu(Py) 4+ p(Pe).
If [ is perpendicular to either the z-axis or the y-axis, this follows from the fact that p(P) is well-
defined. Otherwise, we can cover | with small xy-squares and apply condition a) to get rid of it,
then extend all the edges of these zy-squares to the boundary of P and finish using the fact that
w(P) is well-defined.

To see that u is countably additive on clopen sets, we just note that by compactness, if any
countable disjoint union of clopen sets is clopen, then it must in fact be a finite union. Thus we may

apply Carathéodory’s extension theorem to finish the proof. O

B.2 Going from functions to measures

Theorem 47 (Theorem . Suppose f : [0,1] — Rxq and g : [0,1]> — R are nonnegative

functions such that, for some ¢ > 0, we have
r4+y<l = g(z,y) =0,

lt+y+2z—-2<e = f(x)+ fy)+ f(2) <g(z,y) +9(z,2) +9(y,2) + 1,

and

rty+z2=2= f(@)+ )+ f(z) =9(zy) +9(z,2) + 9y, 2) + L
Then we have
a) f is nondecreasing,

b) for every integer n > %,
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d) g is nondecreasing in either argument, and moreover satisfies the inequality
r1 < @2, Y1 Sy = g(x2,52) — g(21,92) = 9(22,41) — g(@1,91),

e) there is a symmetric probability distribution p on the o-algebra generated by the clopen subsets
of A*, such that for all z,y € R we have

f(‘r) = IFJ;L(a,b,c) [CL < .T], g(xa y) = IFD;L(a,b,c) [CL <zAb< y]

Proof. Part a): suppose 0 < a < b < 1 with b — a < €, we will show that f(a) < f(b). Choose a
nonnegative integer k such that
2a —b<k(b—a) <b.

For each 0 < i < k, set

bt (k=20(b-a) | b+ QRi-k)(b-a)
2 ’ 2i+1 — 2 .

To =1-—

Note that by the choice of k we have a+x¢ = a+xop+1 <land 1-b<z; < 1forall0 <¢ <2k+1.
Furthermore, for each ¢ we have b+ x9; +x2;41 = 2 and a+x9;_1 +x2; = 2. Thus, foreach 0 < i < k

we have

(b, z2i) + g(b, x2541) + g(z2i, T2i11) + 1,

Q@ <

(a,z9;) + g(a, x2i41) + 9(x2i, X2i41) + 1,

FO)+ f(zaiz1) + fx2:) < g(b,x2i—1) + g(b, x2:) + g(@2i—1, x2:) + 1,

g
fla) + f(x2i-1) + f(72) = g(a, x2i-1) + g(a, v2;) + g(v2i-1,72:) + 1.

Adding together the inequalities and subtracting the equalities, we get

IN

f(a)

(b) + g(a, z0) + g(a, zar+1) — (b, zo) — g(b, Tap41)

f
f(b) = g(b,xo) — g(b, xart1) < f(b).

Part b): first we prove the left hand inequality. For every ordered triple of integers 0 < i,j,k < n
satisfying i + j 4+ k = 2n, we have an equality

FG)+ TG+ () = 9, 2) 0 5) (2 41
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Also, for every ordered triple 0 < 4, j, k < n satisfying i + j + k = 2n — 1, we have the inequality

FG)+FE) +FG) <9 2) +9(h b)) + 92, 5) + 1.

Adding the inequalities and subtracting the equalities, and using g(ﬁ, E) = 0 when i + j = n, gives
the left hand inequality of b). For the right hand inequality of b) one uses equalities corresponding
to triples 0 < 4,4,k < n with i + j + k = 2n, and inequalities corresponding to triples 0 < i,j,k <n
withi+j+k=2n+1.

Part c) follows immediately from parts a) and b).

First we prove part d) in the case o —x1 = yo —y1 < €. f 2o +1y1 = 1+ 22 < 1, it is immediate.

If xo + y1 = x1 + y2 > 1, then adding the inequalities and subtracting the equalities in

(o) + f(y1) + F(2 — 22 —y1) = g(@2,91) + 9(22,2 — 22 —y1) + 9(v1,2 — T2 —y1) +

flz)+ fly2) + fF2—z2—y1) = g(x1,y2) + 9(x1,2 — 22 — Y1) + 9(y2,2 — 22 — Y1) +

fx) + fly) + F2 =22 —y1) < gl@,y1) +9(21,2 — 22 —y1) + 9(y1,2 — 22 — Y1) +

f(z2) + f(y2) + f(2 =22 —y1) < g(x2,92) + 9(22,2 — 22 —y1) + 9(y2,2 — 22 —y1) +
we get

9(x2,y2) — 9(x1,92) > g(w2,91) — g(21,91)-

Note that the constraint on x1, z3, y1, y2 is that the four points (z;,y;) form a square of side length at
most e. Since any rectangle whose sidelengths are rational multiples of each other can be dissected
into finitely many squares of arbitrarily small sidelength, we see that the inequality above holds
whenever xo — x7 is a rational multiple of yo — y1.

Next, we note that for any z; < z3 and any y in [0, 1], there is some 0 < y’ < y such that
1 +1y <1 and y — ¢ is a rational multple of x5 — x1, since the rationals are dense in the reals.

Choosing such a y’, we get

g(x2,y) — g(x1,y) > g(x2,y") — g(x1,y") = g(x2,y") > 0.

Thus g is increasing in the first argument. Since our assumptions easily imply that g is symmetric
(swap y and z in the third assumption to see that g(y,z) = g(z,y) when y + z > 1), g is also
increasing in the second argument.

To finish the proof of part d), assume for a contradiction that for some 21, z2, y1,y2 with 21 < x9

and y; < yo we have

9(x2,y2) — 9(x1,92) < g(w2,91) — g(21,91)-

Let o = g(x2,y2) — g(x1,y2), and let 8 = g(z2,y1) — g(x1,y1). We will show that for any w, v with
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Y1 < u < v < yq, we have
g(Ilvv) > g(xlvu) +6_ Q.

Applying this repeatedly, we will see that g(z1,y2) > g(z1,y1) + k(8 — «) for all k € N, giving us a
contradiction when we take k sufficiently large.
Start by picking u’ with v < v/ < v such that v’ — y; is a rational multiple of x2 — z1, so that

we have

g(xo,u") — g(x1,u) > g(ze,p1) — g(x1,91) = B.

Next we pick v/ with u’ < v’ < v such that ys — v’ is a rational multiple of x5 — x1, so that we have

a = g(z2,y2) — g(x1,52) > g(w2,0") — g(x1,7").

Combining these two inequalities with the fact that g is increasing in the second argument, we have

g(@1,v) = g(a1,v")
> g(xg,0") — a
> g(z2,u)) — «
> g(x1,u) + 8-«

SO

f(b) - f(a) > g(b,l) _g(a71) +g(b?1 - b)

Part e): we need to define p and check that it is symmetric. By Proposition and Theorem
in order to define u we just need to define p on aligned triangles, xy-rectangles, and basic intervals
on the boundary of A* and check that our definition satisfies the compatibility conditions a), b), c)
of Theorem We will define the triangle A, ;. C AT to be the set of points (2F,y*, 2%) € AT
such that either all three of the inequalities 2% < a, y* < b, 2% < ¢ hold or all three of them fail.
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Then we define u by

1Az y,) = g(z, )+g(x z)+ 9y, 2) — flz) = fly) — f(z) +1,

w(((z1,22) X (y1,92) x IT) N AF)
(21, 22) x {17} x I%) 0 AF)

)

)

9(w2,y (m,yz) 9(@2,51) + 9(x1, 1),
f(z2) z1) — g(z2,1) + g(21,1),

g(w2,1 - xl) g(@1,1 —21) — g(@2,1 — @2) — p(Ay1-2, 1),
=1-2f(1) +g(1,1) = f(0) — 29(0,1).

p(((z1,22) x (1= 29,1 — 1) x {17}) N A*
p({(1*,17,07)}

To check compatibility condition a) of Theorem consider the square with sides at z-coordinates

1, T2 and y-coordinates at yp,y2, such that ro — x1 = yo — y1, and define z by
z=2—x2—y1 :2—1‘1—2,/2.
Then we have

M(((fﬂhm) X (y1,y2) X Ii) N Ai) = g(x2,y2) — 9(w1,92) — g(x2,91) + g(w1, 1)
= /‘(Arz,yz,Z) - M(Arl,ymZ) - N(Azz,yl,Z) + N(Aml,yl,Z)
= H(sz,ymz) + N(Am,yh.Z)

since u(Ag, ys,2) = (Az,y y1,2) = 0 by the definition of z and our third assumption.

Compatibility condition b) of Theorem follows directly from the way we defined pu on xy-
rectangles. For compatibility condition c), suppose that x1, z2,y1,y2, z have (z2 — 21)(y2 —y1) >0
and x2 + y2 + 2z = 2, so that Ay, ,, . is dissected into Ay, 4, 2, Az, 4,2, and the zy-rectangle with

sides at z-coordinates x1,zs and y-coordinates yi,y2. Then

N<A11,y1,z) = M(Awhyhz) + N(Amz,yz,Z)
= N(Azl,yz,Z) + N(Axl,yz,Z) + N(((xlvxZ) X (Y1, y2) X Ii) N Aj[)

since (1(Ag,,y,,2) =0 (by 2 +y2 + z = 0 and our third assumption).

By our second assumption, part d), and the inequality proved just after part d), u takes non-
negative values on all sufficiently small aligned triangles, xy-rectangles, and clopen subsets of the
boundary of A%, and thus it takes nonnegative values on all clopen subsets of A*.

Finally, we check that p is symmetric with respect to permuting the coordinates. Since p is
determined by its values on aligned triangles and zy-rectangles (and subsets of the boundary of
A%, which we leave to the reader), and since the definition of u(A, , .) is clearly invariant under
permuting x, y, z, we just need to check that the measure assigned to an xy-rectangle doesn’t change

when we swap the y and z coordinates. Consider the zy-rectangle with sides at x-coordinates 1, x5
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and y-coordinates y1, y2. After swapping the y and z coordinates, we can dissect the resulting aligned
parallelogram into Ay, 2—z1—ys.y1s Das 2—zs—y1,ys» and a signed copy of the xy-rectangle with sides

at xz-coordinates z1, s and y-coordinates 2 — x2 — y1,2 — 1 — y2. So we need to check the identity

9(x2,y2)—9g(x1,y2) — 9(x2,31) + g(@1,91) =
N(Aflﬂfﬂﬁlfyz,yl) + N’(A$2,2*$2*y1,y2) + g(x% 2 - T — y2)
—g9(x1,2 — 21 —y2) — 9(22,2 — 22 — Y1) + 9(1,2 — 22 — Y1).

After the dust settles, the difference of the two sides comes out to
N(Am,yzﬂ*m*yz) + N(Aiz,ylﬂfﬂﬂz*?ﬂ) =0,

and we are done. O
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