A few fewnomials

. Prove that for x > 0, we have

2+t + 3+ 1 > 245 + 22

. Prove that for x > 0, we have

:U+2

. Prove that for all  we have
3z2e” + 4e® > 8ze”.

. Prove that for > 0, we have
2?2 42 42 41> 2 a2t a2

. Prove that for x > 0, we have

V2 19 L>2 g
+24 52

. Prove that for x > 0, we have

22 + 28122 + 100 > 222% + 36022

. For x,y > 0, define their logarithmic mean to be

r—y

In(z) — In(y)’

where In(z) is the natural logarithm of x. Prove that

LM(z,y) =

- ;r Y > LM(z,y) > /@y

. Prove that for any = > 0 we have
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. Prove that if f is differentiable and f’ is convex, then we have

fB)+3f(1) = 3f(2) + f(0), and
f(6)+ f(2) + f(1) = f(5) + f(4) + f(0).

(Vasc) Prove that if f is differentiable and f’ is convex, then for any x > y > 2z we have

fRr+y)+fRy+2)+ f2z+z) > f2x+2)+ f(22+vy) + f(2y + x).

Popoviciu defines the divided differences of a polynomial inductively, as follows:

[a; f] = f(a),
b f] = {O =,
(0, ooy s f] = [a1, -+, an; ] = [a0, -, an-1; f]

ap — aQ

Prove, by induction on n, that if the nth derivative of f exists and is nonnegative, that for
any ag, ..., 4, we have

[CL(), -y Qnj f] > 0.
Show that [ag, ..., an; f] is @ symmetric function of aq, ..., ay.

Let n be an integer which is at least 3. Suppose f is a function such that for every ay, ..., an
we have [ag, ..., an; f] > 0. Show that f is differentiable and that for any by, ..., b,—1 we have

[b(]a EREE) bnfl; f,] > 0.

Suppose that f is a function such that for every integer n and every ao,...,a, we have
[ag, ..., an; f] > 0. Prove that

f(2) +4f(0) = 4f(1).

Prove that if aq, ..., a9 are real numbers satisfying Z?:l a; = Z?:l a} = 0 and Z?:l a? =8,
then for any x > 0 we have

9
1 4
2 a; _
T +7—|——$22 Zélx 24£C+1+x.

Prove that for any z,y,z > 0 we have



